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Static risk measures on random variables

Origin: axiomatic analysis of capital requirements needed to cover
the risk of future liabilities.

@ A static risk measure is a map p: L*(Q,F,P) = R
satisfying certain axioms

@ L*° - set of discounted terminal values of financial positions

@ p(X) - minimal amount of cash that has to be added to the
financial position X in order to make it acceptable

(Artzner, Delbaen, Eber &Heath(1997,99), Follmer&Schied(2002),
Frittelli & Rosazza Gianin(2002),...)
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Conditional risk measures on processes

In the static setting: the role of information is not visible and the
timing of payments not considered.
@ A conditional risk measure on processes is a map
pr 1 R — L>®(Q, Fy, P) satisfying analogous axioms
@ RZ°: bounded adapted processes from time t on
- set of cumulated cash flows (value processes)
@ p:(X) - minimal conditional capital that has to be added to
the cash flow X at time t in order to make it acceptable

(Cheridito, Delbaen & Kupper (2004,05,06), Artzner, Delbaen,
Eber, Heath & Ku (2007),...)
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Dynamical setting

Discrete-time setting, with finite or infinite time horizon T:
e T eN, timeaxis T=1{0,1,..., T}
o T =00, time axis T=Np or T =NyU {occ}
Multiperiod information structure: (Q, F, (F¢)teT, P)

R>° = bounded adapted processes on (2, Fr, (Ft)ter, P)
= (cumulated) cash flows

R = cash flows from time t on
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Conditional convex risk measures

pt - R — L>®(Q,F:, P) is called a conditional convex risk
measure for processes if for all X, Y € Rg°:

e Normalization: p;(0) =0
@ Monotonicity: X <Y = p(X) > pe(Y)
e Conditional convexity: Y\ € L®(Q, F;, P), 0 < A < 1
pe(AX + (L= A)Y) < Ape(X) + (1= A)pe(Y)
o Conditional cash-invariance:
pe(X +mlireia, y) = pe(X) —m, me L>(Q,F, P)
» The timing of the payment is taken into account

(pt)+ is called dynamic convex risk measure for processes
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Risk measures viewed on the product space

Product space and optional filtration

o Define the product space (Q, F,P)as: Q=Qx T,

ﬁ:o‘({AtX{t}‘AtEFt,tET), PZP@M;

where i = (pu¢)teT is some adapted reference process s.t. py > 0
and >, pr =1, and Ep[X] := Ep [>_, X¢pte

o Consider the optional filtration (F;):ct on (Q, F), given by
Fr=0{A x [}, A x {t, . }A € F;,j=0,.,t — 1A € F+})

= R>® = L*(Q, F, P)
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Risk measures viewed on the product space

Risk measures viewed on the optional filtration

Theorem. There is a one-to-one correspondence between

@ conditional convex risk measures for processes
Pt - R<t>o — LOO(Q,ft,P)

@ conditional convex risk measures for random variables on the
product space

pr o L®(Q,F,P) — L®(Q,F, P)

The relation is given by

pe(X) = =Xolgoy — ... — Xem1lpem1y + pe(X) e 41,3
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Risk measures viewed on the product space

Representation of risk measures on random variables

Theorem. For p; : L°(Q, F,P) — L>*(Q, F:, P) TFAE:
1. pt is continuous from above: X" N\, X = p:(X") 7 pe(X)
2. pt has the following robust representation:

pe(X) = esssup(Eq[—X|Ft] — ax(Q))
QReQ:

where

Q0 ={Q<P|Q=P|5},

and the minimal penalty function «; is given by

ar(Q) = esssup (Eq[—X|Ft] — pe(X))
XeL>(F)

(Detlefsen and Scandolo (2005))
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Decomposition of measures on the optional o-field

Optional random measures

For a measure Q@ <o P we introduce:

o the set ['(Q) of optional random measures  on T which
are normalized with respect to Q:

7 = (7t)ter nonnegative adapted process s.t. >, 7 = 1 Q-a.s.

with the additional property

Yoo =0 Q-as. on{ lim aQ

Jfim =3 —oo} if T =NoU {oo}

F
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Decomposition of measures on the optional o-field

Predictable discounting processes

For a measure @ <o P we introduce:

o the set D(Q) of predictable discounting processes D:
D = (D¢)¢er predict. non-increasing, Dy = 1, Doo:tlim D: Q-as.
—00

where

Dy =0 Q-as. if T = Np,

D, =0 Q-as. on {tle %

Ft:oo} if T=NpU{oo}

»» There is a one-to-one correspondence between optional
random measures in '(Q) and predictable discounting in D(Q):

')’t:Dt—Dt+1,t<OO, ’YOO:DOO
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Decomposition of measures on the optional o-field

Decomposition of measures on the optional o-field

Theorem. For any probability measure Q on (Q, F) we have:
Q@ < P if and only if there exist

@ a probability measure Q on (Q, Fr), Q <joc P
@ an optional random measure v € I'(Q) (resp. D € D(Q))
such that

T

Z D,AX;

t=0

:EQ , XeER™®

EQ[X] =Eq [Z Ve Xt

teT

(combining the Itd6-Watanabe factorization with an extension
theorem for standard systems)

In this case we write: RQ=Q®y=Q®D
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Robust representation

Theorem. For p; : R — L*(Q, Fy, P) TFAE:

1. p¢ continuous from above: X! N\, XsVs > t = pi(X") 7 pe(X)
2. pt has the following robust representation:

T
pt(X) = esssup esssup (EQ { — Z DsAX; | ]-'t] —(Q® D)),
QeQlec DED(Q) s=t

A N
model discounting
ambiguity ambiguity

QItOC:{Q LJoc P Q = P|-7'-t}7 Dt(Q):{D € D(Q) : Ds =1s S t}

a(Q® D) = Q;(ees;?p (EQ { - Z g—sth | ]:t] - pt(X)>

s>t
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Time consistency

X € R™® — (pe(X)): describes the evolution of risk over time.

Question: How should risk measurement be updated as more
information becomes available?

@ (pt)+ is called (strongly) time consistent if for all t > 0
Xe =Y and pea(X) < pesa(Y) = pe(X) < pe(Y)

An equivalent characterization of TC is recursiveness:

pe(X) = pe(Xelyey — pe+1(X)geqr,.y) VE>0

Remark. (pt¢): on R™ is time consistent <= the corresponding
(pe)r on L>=(, .7-" P) is time consistent

OO
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Supermartingale properties

Supermartingale properties

Let (pt)t_on R>° be continuous from above and time consistent.
Then, VQ = Q ® D < P such that ap(Q ® D) < oo,

o the discounted penalty process (Drae(@))eerrny,

o the ‘global risk’ process of X € R*>®

t
Di(pe(X = Xt) + a:(Q)) = > D:AXs, teTNNg
s=0
are Q-supermartingales.
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Bubbles

Appearance of bubbles in the dynamic penalization

Riesz decomposition of the discounted penalty process:

T-1

Deae(Q) = Eq| Y- Duakss1(Q)IF| + lim Eq[Dss(Q)IF ] Q-as.
k=t
o o o “bubble”
undamental penalization
!

breakdown of
asymptotic safety

where ay 41 is the ‘one-step’ penalty function, i.e., the penalty
function of py restricted to the ‘one-step’ processes

— Bubbles reflect an excessive neglect of models which may be
relevant for the risk assessment
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Asymptotic safety

Consider T = Ny U {c0}, and fix a model @ s.t. ap(Q) < oo.

® (pt)ten, on R is called asymptotically safe under the
model @ = Q ® D if for any X € R®

Poo(X) == tIi)n;opt(X) > —Xyx Q-as. on {Dy >0}

Theorem. For (pt)ten, TC and continuous from above TFAE:
o (pt)een, is asymptotically safe under @;

@ the model @ has no bubb_le, i.e., the martingale in the Riesz
decomposition of (Dra¢(Q))ten, vanishes.
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Cash additivity and subadditivity

A conditional convex risk measure for processes p; is called

@ cash subadditive if for all s >t

pt(X + ml{s,s—&—l,.‘.}) > pt(X) —m Vm e Lf(ff)
(resp. < Vme L>®(F))

(El Karoui & Ravanelli (2009))

o cash additive at s, for some s > t, if

pe(X 4+ mlggoir 3) = pe(X) —m Vm € L°(F})

Remark. By monotonicity and cash-invariance every conditional
convex risk measure for processes is cash subadditive
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Time value of money

Proposition. Let p; : RZ® — L7° be continuous from above. Then

@ p; is cash additive at time s >t <= there is no
discounting up to time s: VQ = Q ® D s.t. ay(Q) < o0

Dt:Dt+1:"':D5:1 Q—a.s.

o if T <oo or T=NyU{oo}, p: is cash additive at all times
s >t <= it reduces to a risk measure for random variables:

pe(X) = esssup (Eq[~XT | Fe] — ar(Q))
Qe

o if T = Ny, p cannot be cash additive at all times s >t
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Calibration to ZCB

® (Bt)t=0,...T, B+ > 0 Vt, money market account;

@ zero coupon bonds for all maturities are available, with B;
price at time t of a ZCB paying 1 at maturity k.

Suppose that p; satisfies the following calibration condition:

B [e.o]
pe(AegrLikken.y) = AeBex YA€ L5(F) k>t

Then p; is cash additive at time k if and only if

Eo [g;

— “no arbitrage” condition

]—"t} = By YQ : 3D with ae(Q ® D) < 00
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Calibration to ZCB

In particular, if
® (Bt)t=o,.. T is predictable
® (pt)e=o,. T is time consistent
then p; reduces to a convex risk measure on random variables Vt.

That is, discounting ambiguity is completely resolved and we
are only left with model ambiguity.

— the time value of the money is completely determined by the
term structure specified by the prices of zero coupon bonds
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Entropic risk measure for processes

On the product space the conditional entropic risk measure
pt: L2(Q, Fr, P) — L*>®(Q, F¢, P) is defined by
pe(X) = g; - log Ep [e” X | F]
with risk aversion parameter Ry = (ro, ..., Fe—1, fty .., It), rs > 0 and

Fs-measurable, for all s =0, ..., t.

@ The corresponding conditional convex risk measure for
processes pr @ R — L°(Q, Ft, P) takes the form

pe(X) = pe" ( - rlt log (Z e‘“wi)) =pe " (—p’i(”)’”(“’) (X.(W))),

s>t

Pr . L. ..
where p; " is the usual conditional entropic risk measure on
random variables with risk aversion parameter r; and p*" is its

analogous “with respect to time".
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Average Value at Risk for processes

On the product space the conditional Average Value at Risk at
level Ay = (A0, ooy At—1, Aty oy Ar), 0 < As <1, A\g € L°(Fs) Vs is

pr(X) = esssup{Eg[—X|F] | Q € O, dQ/dP < A}

@ The corresponding conditional convex risk measure for
processes p; @ RS — L™(Q, Ft, P) takes the form

1
pe(X) = esssup{ Eq |~ Y Xevs | Fe| - LU S Vs>t
s>t s t
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Unambiguous discounting process

If there is no ambiguity regarding the discounting process, i.e.
d!'D = we can work on discounted terms:

Yo:=Xo, AYs:=DsAXsVs>1, and Yy := tILm Y}

Then p; reduces to

pt(X)zwt(iDsAXs) m(ZAY) beY7),

where 9y : L®(Q, F, P) — L>®(Q, F¢, P) is a conditional convex
risk measure for random variables.
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Worst stopping

Let ¢y : L°(Q, F, P) — L>°(Q, F¢, P) be a conditional convex risk
measure on random variables.

©; = set of all stopping times valued in {t,t+1,...}

Then p; : R — L®(Q, Fy, P) defined by the worst stopping of
(Ye(Xs))s>t:

pe(X) 1= esssup P¢(X7)
TEO:

is a convex risk measure on processes (Cheridito & Kupper
(2006)), with representation over the set of optional random
measures

{(1{725})s:t,t+1,...|7' € @t}
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