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Turbo Codes

What are they?

A basic structure of an encoder for a turbo code consists of an
input sequence, two equal encoders and an interleaver, denoted by
IT:

Encoder1 b——o

Encoder 2 f—-o
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Turbo Codes

Interleavers and permutations

The interleaver permutes the information block x = (zg,...,xN)
so that the second encoder receives a permuted sequence of the
same size denoted by X = (zyy(g), - - -, Tr()) for feeding into the
Encoder 2.

The inverse function II"! is also necessary for decoding process

when we implement a de-interleaver. An interleaver II is called
self-inverse if IT = IT~1.
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Permutation Polynomials and Permutation Functions

Definitions and history

Let p be a prime number, ¢ = p™ and [F, be the finite field of
order ¢q. A permutation function over I, is a bijective function
which maps the elements of I, onto itself. A permutation function
P is called self-inverse if P = P!
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Permutation Polynomials and Permutation Functions

Well-known permutation polynomials

m Monomials: M (xz) = z™ for some n € N is a permutation
polynomial over F, if and only if (n,q — 1) = 1.

m Dickson polynomials of the 1st kind:

ke n n—k k,n—2k
‘Dn(l‘va’)zzn_k k (—a)a:

k=0

is a permutation polynomial over I, if and only if
(nu q2 - 1) =L

Amin Sakzad
Self-Inverse Interleavers for Turbo Codes



Introduction

ooe

Permutation Polynomials and Permutation Functions

Well-known permutation functions

m Mobius transformation: Let a,b,c,d € Fy, ¢ # 0 and
ad — bc # 0. Then, the function

azx+b —d
T(az):{ cd U7

el x —,
C C

is a permutation function.

m Rédei functions: Let char(IF;) # 2 and a € IF; be a non-square
element, then we have

(x ++va)" = Gp(x,a) + Hy(z,a)V/a.

The Rédei function R, = %Z with degree n is a rational
function over IF,. The Rédei function R,, is a permutation
function if and only if (n,q+ 1) = 1.
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Our Method

Interleaver

Definition. Let P be a permutation function over F, and « a
primitive element in [F,. An interleaver Ilp : Z; — Z, is defined by

Ip(i) = In(P(a’)) (1)

where In(.) denotes the discrete logarithm to the base a over [
and In(0) = 0.

There is a one-to-one correspondence between the set of all
permutations over a fixed finite field IF, and the set of all
interleavers of size gq.
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Our Method

The need of cycle structure

Let P be a permutation function over [F,. Then, we have
(ITp)~! =Hp-1. Let P be a self-inverse permutation function
over F,. Then, we have IIp = (IIp) L.

We pick a permutation polynomial or a permutation function and
apply it to produce an interleaver following the above definition.
This generates deterministic interleavers based on permutations on
finite fields.

We are interested in self-inverse interleavers. This requires the
study of permutations that decompose into cycles of length 1 or 2.
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Results

Previous and new results on cycle structures

Permutation monomials ™ with a cycle of length j as well as with
all cycles of the same length have been characterized. The cycle
structure of Dickson permutation polynomials D,,(z,a) where

a € {0,£1} have been studied. Furthermore, the cycle structure of
Mobius transformation have been fully described.

We give the cycle structure of Rédei functions. More precisely, we
characterize Rédei function with a cycle of length 7, and then
extend this to all cycles of the same length. An exact formula for
counting the number of cycles of certain length is also provided.
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Results

Mobius interleavers

Let 7" be a Mobius transformation over ;. The Il7 as defined
in (1) is called a M&bius interleaver. The inverse function of T is

dz—b
riw={ e T7E

p—— xr = =.
C [

It is easy to see that 7= T~! when we have a = d, —b = b and
Cc = —C.
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Results

Cycle structure of Mobius transformation

Theorem. Let T be a Mobius transformation, and let ¢ be the
characteristic polynomial of the matrix Ap associated with 7.

Suppose t(z) is irreducible. If k = ord (Z—;) = %1,
1<s< q;r—l, then T has s — 1 cycles of length k and one
cycle of length & — 1. In particular T is a full cycle if s = 1.

Suppose t(z) is reducible and a1, az € F} are roots of t(z)
and a1 # as. If k = ord <g—;> :q%l, s>1,then T has s —1
cycles of length k, one cycle of length £ — 1 and two cycles of
length 1.

Suppose t(z) = (z — a1)?, o1 € F} where ¢ = p™. Then T
has p™~! — 1 cycles of length p, one cycle of length p — 1 and
one cycle of length 1.
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Self-inverse Mobius interleavers

In order to have these cycles in terms of cases of the above
theorem we consider:

If the polynomial ¢ is irreducible and tr(Ar) = 0, then we
have q+1 — 1 cycles of length two and one cycle of length one.

If tis reducible and tr(Ar) = 0, then we have q;21 — 1 cycles
of length 2 and three cycles of length 1.

This happens only if p = 2. The permutation 7" has 2™~ 1 — 1
cycles of length 2 and two cycles of length 1 where g = 2™.
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Results

Example. Let n =3, a = a® =d, b= a? and ¢ = a. Then we get

odz+a? 2
T(z) = { az+a® ¥ 7o,

o? r=a’
It is clear that T is a permutation function over Fys with
compositional inverse T'. A Mobius interleaver Il : Zg — Zg can
be defined by 117 (i) = In(T'(a")). Thus, we get

T(a?) = o?, T(a®) = % =a%=0al,
T(a*) = 3—6 =a?, T(a%) = 31 =1=a",
T(a®) = % =0, T(a7) = ald .

The above equalities induce the following Mobius interleaver
01234567
6 3214 705)°
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Results

Rédei interleavers and their cycle structure

Definition. Let R,, be a Rédei permutation function over F,. The
interleaver II% defined in (1) is called a Rédei interleaver.

We have that R,,' = R,, for m satisfying nm =1 (mod q + 1).

Theorem. Let j be a positive integer. The Rédei function R, (z,a)
of F, with (n,q+ 1) =1 has a cycle of length j if and only if g+ 1
has a divisor s such that j = ords(n). The number N; of cycles of
length j of the Rédei function R,, over F, with (n,qg+1) =1
satisfies
GNj+ ) iNi+1=(n) —=1,q+1).
il
1<]
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Self-inverse Rédei interleavers

Theorem. Let g+ 1 = plgop’fl ---pkr and pg = 2. The permutation
of F, given by the Rédei function R,, has cycles of the same length
7 or fixed points if and only if one of the following conditions holds
foreach 1 <i<r
mn=1 (mod pfl),
mj= ordpkl (n) and j|p; — 1,
l
mj= Ol’dpkl (n), ki > 2 and j = p.
l
Theorem. The Rédei function R,, of F, with (n,qg+ 1) =1 has
cycles of length 7 = 2 or 1 if and only if for every divisor s > 1 of

g+ 1 we have that n =1 (mod s) or j = 2 is the smallest integer
with n2 =1 (mod s).
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Example: Let ¢ =7, n =5 and a = 3 € Z7 is a non-square. Since
(5,7+1)=1and 5.5 =1 (mod 8), we get a self-inverse Rédei

function
~ Gs(x,3)  a®+22% + 3w

© Hs(z,3) bt +222+2

Thus, since 3 is a primitive element of F7, we have

R5 (3?, 3)

R5(0,3) =0, R5(3',3)=3% R5(32%,3) =32, Rs5(3%3)=3%
R5(3%,3) =33, R5(3°,3) =3° Rs5(3%,3) =3

01 2 3 4 5 6

0 6 24 35 1)
We observe that the three fixed points are 0, 3% = 2 (mod 7), and
3> =5 (mod 7) in contrast with the monomial case.
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Conclusions

Conclusions and further work

We study some deterministic interleavers based on permutation
functions over finite fields. Four well-known permutation functions
including polynomials and rational functions are investigated.

In the paper we also considered Skolem sequence interleavers.

A byproduct of this work is a study of Rédei functions in detail.
We derive an exact formula for the inverse of a Rédei function.
The cycle structure of these functions are given. The exact number
of cycles of a certain length j is also provided.

We are measuring their performance via simulations.
Self-interleavers are simple and allow for the use of same structure
in the encoding and deconding process. We expect that there will
be considerable savings.
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& —*—a =alpha1 b =alpha1 .c =a|pha5m d =a|pha5A4
B —b— a =alpha® b =alpha'® ¢ =alpha®** ,d =alpha®*®
—F—a :alpha‘0 b :alpha% .c :alpha272 d :alpha553
107 “—a =a|pha200 b =a|pha93 .c =a\pha273 d =a\pha743
0
10° >
S
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q 3, a
\ —5—n=511,a=3
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