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Frobenius Manifolds
and Integrable Hierarchies

Boris DUBROVIN

Lecture 4

From Frobenius Manifolds to Integrable
Systems of the Topological Type

Recall: we are classifying hierarchies of bi-
hamiltonian systems of n PDEs
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Main assumptions: triangular bihamiltonian

recursion relation, existence of tau-function,

certain genericity conditions.

Moduli (?):

• (calibrated) semisimple Frobenius mani-

fold, n(n− 1)/2 parameters

• n “central charges” c1, . . . , cn
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Hierarchy of the topological type:

c1 = c2 = · · · = cn =
1

24

Main goal: for any n construct universal in-

tegrable hierarchy of the topological type

Recall Quasitriviality Theorem: there exists a
substitution

wα = vα+
∂2

∂x∂tα,0

∑
k≥1

εkF[k](v; vx, . . . , v
(nk)), α = 1, . . . , n

transforming dispersionless tau-structure to

the full one. Here

F[1] = 0, F[2] = G(v) +
n∑

i=1

ci logui
x

F[k](v; vx, . . . , v(nk)) a rational function of vx,

. . . , v(nk) for k > 2,

n2g, n2g+1 ≤ 3g − 2
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Virasoro symmetries

Recall: monodromy at the origin (µ, R) de-

scribes a basis of horizontal sections of ∇̃
near z = 0

(1 + O(z)) zµzR

Semisimple µ

µ =
2− d

2
−∇E = diag (µ1, . . . , µn)

Triangular R (in case of resonances)

R = R1+R2+. . . , (Rk)αβ 6= 0 only if µα−µβ = k
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Free field realization for the Virasoro algebra

Heisenberg algebra with the generators

aα,p, α = 1, . . . , n, p ∈ Z +
1

2

[aα,p, aβ,q] = (−1)p−1
2ηαβδp+q,0.

Introduce the row vectors

ap = (a1,p, . . . , an,p)

and φ(λ) = (φ1(λ), . . . , φn(λ))

φ(λ) =
∫ ∞
0

dz

z
e−λ z

∑
p∈Z+1

2

apz
p+µzR

T (λ) =
∑

m∈Z

Lm

λm+2
= −

1

2
: ∂λφα Gαβ∂λφβ :

+
1

4λ2
tr
(
1

4
− µ2

)
.

Here

Gαβ = −
1

2π

[(
eπ i Reπ i µ + e−π i Re−π i µ

)
η−1

]αβ
,
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Lm for m ≥ −1 are well defined; full Vira-

soro algebra only if Specµ contains no half

integers.

[Lk, Ll] = (k − l)Lk+l + n
k(k2 − 1)

12
δk+l,0

Realization

aα,p = ε
∂

∂tα,p−1
2

, p > 0,

aα,p = ε−1(−1)p+1
2ηαβtβ,−p−1

2, p < 0
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Example 1 n = 1 (KdV) µ = 0, R = 0

Lm =
ε2

2

∑
k+l=m−1

(2k + 1)!! (2l + 1)!!

2m+1

∂2

∂tk∂tl

+
∑
k≥0

(2k + 2m + 1)!!

2m+1(2k − 1)!!
tk

∂

∂tk+m
+

1

16
δm,0, m ≥ 0,

L−1 =
∑
k≥1

tk
∂

∂tk−1
+

1

2ε2
t20,

L−m =
1

2 ε2

∑
k+l=m−1

2m−1

(2k − 1)!!(2l − 1)!!
tk tl

+
∑
k≥0

2m−1(2k + 1)!!

(2m + 2k − 1)!!
tk+m

∂

∂tk
, m > 1.

8



Example 2 M = QH∗(P1), F = 1
2u v2 + eu

µ =

(
− 1/2 0

0 1/2

)
, R =

(
0 0
2 0

)

Lm = ε2
m−1∑
k=1

k! (m− k)!
∂2

∂t2,k−1∂t2,m−k−1

+
∑
k≥1

(m + k)!

(k − 1)!

(
t1,k ∂

∂t1,m+k
+ t2,k−1 ∂

∂t2,m+k−1

)
+2

∑
k≥0

αm(k)t1,k ∂

∂t2,m+k−1
, m > 0

L0 =
∑
k≥1

k

(
t1,k ∂

∂t1,k
+ t2,k−1 ∂

∂t2,k−1

)
+
∑
k≥1

2 t1,k ∂

∂t2,k−1
+

1

ε2
(t1,0)2,

L−1 =
∑
k≥1

tα,k ∂

∂tα,k−1
+

1

ε2
t1,0t2,0

Here the integer coefficients αm(k) are defined by

αm(0) = m!, αm(k) =
(m + k)!

(k − 1)!

m+k∑
j=k

1

j
, k > 0.
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Theorem For any semisimple Frobenius
manifold there exists unique integrable hier-
archy of the topological type s.t. the addi-
tional flows

∂τ

∂sm
= Lmτ, m ≥ −1

act by (infinitesimal) symmetries[
∂

∂tα,p
,

∂

∂sm

]
= 0.

Here

Lm =
∑

ε2aα,p;β,q
m

∂2

∂tα,p∂tβ,q
+ bm

β,q
α,pt

α,p ∂

∂tβ,q

+
1

ε2
cm
α,p;β,qt

α,ptβ,q + c0δm,0

[Lm, Ln] = (m− n)Lm+n

are the above Virasoro operators given in
terms of the (part of) the monodromy data
(µ, R) of the Frobenius manifold.

Any regular solution to the hierarchy is ob-
tained from the vacuum solution τvac

∂τvac

∂sm
= 0, i.e. Lmτvac = 0, m ≥ −1



by a shift

τ(t; ε) = τvac(t− t0(ε); ε), t0(ε) =
(
t
α,p
0 (ε)

)

Motivation: all known relations for the topo-

logical correlators

〈〈τp1(φα1) . . . τpk(φαk)〉〉 := εk
∂k log τ top(t; ε)

∂tα1,p1 . . . ∂tαk,pk

reproduced for the topological solution spec-

ified by the shift

τtop = τvac|t1,1 7→t1,1−1

(checked for low genera)



E.g., WDVV,

TRR for g = 0

〈〈τp(φα)τq(φβ)τr(φγ)〉〉0
= 〈〈τp−1(φα)τ0(φν)〉〉0ηνµ〈〈τ0(φµ)τq(φβ)τr(φγ)〉〉0,

TRR for g = 1

〈〈τp(φα)〉〉1 = 〈〈τp−1(φα)τ0(φν)〉〉0ηνµ〈〈τ0(φµ)〉〉1

+
1

24
ηνµ〈〈τp−1(φα)τ0(φν)τ0(φµ)〉〉0,

Getzler’s defining relation for g = 1 etc.
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Proof based on

Lemma For any semisimple Frobenius man-

ifold Mn there exists a unique solution

∆F =
∑
g≥1

ε2g−2Fg(v; vx, . . . , v(3g−2))

to the system of Virasoro constraints

Lm

(
τvac
0 (t)e∆F

)
= 0, m ≥ −1

(cf. Virasoro conjecture by Eguchi, Hori,

Jinzenji and Xiong and S.Katz).
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E.g., for n = 1∑
r

∂∆F
∂v(r)

∂r
x

1

v − λ
+
∑
r≥1

∂∆F
∂v(r)

r∑
k=1

(r

k

)
∂k−1

x

1√
v − λ

∂r−k+1
x

1√
v − λ

=
ε2

2

∑[
∂2∆F

∂v(k)∂v(l)
+

∂∆F
∂v(k)

∂∆F
∂v(l)

]
∂k+1

x

1√
v − λ

∂l+1
x

1√
v − λ

−
ε2

16

∑ ∂∆F
∂v(k)

∂k+2
x

1

(v − λ)2
−

1

16(v − λ)2

The substitution

vα 7→ wα = vα + ε2
∂2∆F

∂t1,0∂tα,0

transforms the Principal Hierarchy associated

with Mn to the hierarchy of the topological

type associated with Mn.
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Theorem Let X be a smooth projective

variety with Hodd(X) = 0 s.t.

• QH∗(X) is semisimple

• Virasoro constraints hold true for the total

GW potential

FX(t; ε) =
∑
g≥0

ε2g−2FX
g (t)

(e.g., X = Pd, due to Givental)

Then

τ = expFX

is the tau-function of the topological solu-

tion to the hierarchy of the topological type

associated with the Frobenius manifold

Mn = QH∗(X), n = dimH∗(X)
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Application to Hermitean matrix integrals

ZN(λ; ε) =
1

Vol(UN)

∫
N×N

e−
1
εTr V (A) dA

V (A) =
1

2
A2 −

∑
k≥3

λkAk

as function of N = x/ε, λ

is a tau-function of extended Toda lattice

Z = τvac
Toda(s, t; ε)

for

s0 ≡ t1,0 = x, sp ≡ t1,p = 0, p > 0

t0 ≡ t2,0 = 0, t1 ≡ t2,1 = −1

tp ≡ t2,p = (p + 1)!λp+1, p ≥ 2

Remark

τvac
Toda(s, t; ε) = τvac

NLS(t, s; ε)
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Large N ∼ small ε expansion of

τ top
NLS(x, t; ε) = ZN(λ; ε)

x =
N

ε
, tk = (k + 1)!λk+1

has the form

log τ top
NLS =

x2

2ε2

(
logx−

3

2

)
−

1

12
logx

+
∑
g≥2

(
ε

x

)2g−2 B2g

2g(2g − 2)
+
∑
g≥0

ε2g−2Fg(x;λ3, λ4, . . . )

Fg(x, λ) = generating function of numbers of

fat graphs on genus g Riemann surfaces

Corresponds to the one-cut asymptotic dis-

tribution of the eigenvalues of the large size

Hermitean random matrix A

15



Multicut case: G gaps in the asymptotic dis-

tribution of eigenvalues of random matrices

⇒ singular behaviour of the correlation func-

tions (terms ∼ e
i a t
ε arise)

(from Jurkiewicz, Phys. Lett. B, 1991)

Smoothed correlation functions: average

out the singular terms

Question: Which integrable PDEs describe

the large N expansion of smoothed correla-

tion functions?
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Claim (B.D., T.Grava, in progress): The full

large N expansion of the smoothed corre-

lation functions is given via the topological

tau-function associated with the Frobenius

structure Mn, n = 2G + 2 on the Hurwitz

space of hyperelliptic curves

µ2 =
2G+2∏
i=1

(λ− ui)



Recall the general construction: Frobenius

structure on the Hurwitz space Mn = moduli

of branched coverings

λ : ΣG → P1

fixed degree, genus G, ramification type at

infinity, basis of a- and b-cycles (n = number

of branch points λ = ui for generic covering).

Must choose a primary differential dp (say,

holomorphic differential with constant a-

periods)

Then, for any two vector fields ∂1, ∂2 on Mn

the inner product

〈∂1, ∂2〉 =
n∑

i=1

resλ=ui

∂1(λdp)∂2(λdp)

dλ

for any three vector fields ∂1, ∂2, ∂3 on Mn

〈∂1·∂2, ∂3〉 = −
n∑

i=1

resλ=ui

∂1(λdp)∂2(λdp)∂3(λdp)

dλ dp
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Example G = 1 (two-cut case). Here n = 4.

Flat coordinates on the Hurwitz space of el-

liptic double coverings with 4 branch points

are u, v, w, τ . Can be described by the super-

potential (= symbol of Lax operator)

λ(p) = v + u

(
log

θ1(p− w|τ)
θ1(p + w|τ)

)′
The Frobenius structure given by

F =
i

4π
τ v2 − 2u v w + u2 log

[
1

π u

θ1(2w|τ)
θ′1(0|τ)

]

Recall

log

[
θ1(x|τ)

π θ′1(0|τ)

]
= log sinπ x + 4

∞∑
m=1

q2m

1− q2m

sin2 π m x

m

q = ei π τ
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Corresponding integrable hierarchy of the

topological type for the functions u, v, w,

τ , four infinite chains of times

tu,p, tv,p, tw,p, tτ,p. Then

Z ∼ τvac

with tw,1 7→ tw,1−1, tw,0 = 0, tw,k = (k+1)!λk+1

tu,0 = x

other couplings = 0.

The solution is given in implicit form
gradΦ = 0

Φ = x w − u v + u2P1(2w|τ)

+3λ3u
[
v2 − 2u v P1(2w|τ) + u2

(
P 2

1 (2w|τ)− P2(2w|τ) + 4π i(log η(τ))′
)]

+2λ4u
[
2v3 − 6u v2P1(2w|τ) + 6u2v

(
P 2

1 (2w|τ)− P2(2w|τ) + 4π i(log η(τ))′
)

−u3
[
P3(2w|τ) + 2P1(2w|τ)

(
P1(2w|τ)2 − 3P2(2w|τ) + 12π i (log η(τ))′

)]]
+ . . .

where

Pk(x|τ) := ∂k
x log θ1(x|τ), k = 1,2,3
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Canonical coordinates (branch points)

ui = v − 2u [log θi(v|τ)]′, i = 1, . . . ,4.

ε2-correction

F1 = −
1

6
logu− log η(2τ) +

1

24

4∑
i=1

logu′i
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