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Frobenius Manifolds
and Integrable Hierarchies
Boris DUBROVIN

Lecture 4

From Frobenius Manifolds to Integrable
Systems of the Topological Type

Recall: we are classifying hierarchies of bi-
hamiltonian systems of n PDEs
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Main assumptions: triangular bihamiltonian
recursion relation, existence of tau-function,

certain genericity conditions.

Moduli (7):

e (calibrated) semisimple Frobenius mani-
fold, n(n — 1)/2 parameters

e n ‘‘central charges” cq, ..., cn



Hierarchy of the topological type:
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. for any n construct universal in-
tegrable hierarchy of the topological type

Recall Quasitriviality Theorem: there exists a
substitution
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transforming dispersionless tau-structure to
the full one. Here
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Virasoro symmetries

Recall: monodromy at the origin (u, R) de-
scribes a basis of horizontal sections of V
near z = 0

(14 0(2)) 2H"
Semisimple u
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Triangular R (in case of resonances)

R=Ri+Ro+..., (RplagF0only ifpa—pg==k



Free field realization for the Virasoro algebra

Heisenberg algebra with the generators

1
aa,p, o =1,...,n, pEZ—I—E

1
laa,p,ag.q] = (=1)P"210486,44.0-
Introduce the row vectors

ap == (a/]_’p, ceey anjp)

and ¢(A) = (¢1(A), ..., én(A))
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Ly, for m > —1 are well defined; full Vira-

soro algebra only if Specu contains no half
integers.
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[Lg, Lj] = (k= 1) Lgy; +n 5 Ok+1,0

Realization
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M = QH*(PL), F = %uvz—l—eu
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Here the integer coefficients a,,(k) are defined by

m—l—k:
am(0) =m!, an(k) = (Zj_lk))' Z - k> 0.



For any semisimple Frobenius
manifold there exists unique integrable hier-
archy of the topological type s.t. the addi-

tional flows
oT

0Sm,
act by (infinitesimal) symmetries
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[Lma Ln] — (m — n)Lm—|—n

are the above Virasoro operators given in
terms of the (part of) the monodromy data
(n, R) of the Frobenius manifold.

Any regular solution to the hierarchy is ob-
tained from the vacuum solution 7Vac¢

aTvac .
— O, l.e. LmTvaC

=0, m2>-1
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by a shift

T(t;€) =72t —to(e);e), tole) = (t57(e))

. all known relations for the topo-
logical correlators

oF log TtOP(t; €)
.k ’
<<Tp1(¢al) « .. Tpk(qbak)>> -— € 8_[;041’291 o at&k,pk

reproduced for the topological solution spec-
ified by the shift

to vacC
T P — T |t17ll—>t1’1—1

(checked for low genera)



E.g., WDVV,

TRR for g=20

(p(@a)Tq(D3) T (7))o
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Getzler’'s defining relation for g = 1 etc.
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Proof based on
For any semisimple Frobenius man-
ifold M™ there exists a unique solution

AF =3 2972F (v;vg, ..., 03072)
g=>1

to the system of Virasoro constraints
Lm (T(\)/ac(t)eA}—> =0, m>-1

(cf. Virasoro conjecture by Eguchi, Hori,
Jinzenji and Xiong and S.Katz).
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E.g., forn=1

OAF . 1 OAF ke r—k+ 1
Zav<r>%_x+z 500 Z( ot lma Vo

Z[ O2NAF 8A]—"8A]—"
av(k>av(l> v §yM
OAF 1o 1 1
v 7T (p—A)2  16(v — N)2
The substltutlon

ak-{—l 1 aH—l 1

5 O°AF

ot1,09¢,0
transforms the Principal Hierarchy associated
with M™ to the hierarchy of the topological
type associated with M™.

Vo — Wo = Vo + €
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Let X be a smooth projective
variety with H°99(X) = 0 s.t.
e QH*(X) is semisimple
e Virasoro constraints hold true for the total
GW potential

FA(6e) =Y 92T (t)

920
(e.g., X = P% due to Givental)
Then
T =expF*

is the tau-function of the topological solu-
tion to the hierarchy of the topological type
associated with the Frobenius manifold

M"™ = QH*(X), n=dimH*(X)
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Hermitean matrix integrals

1 —1Trv(4)
Zn(Xe) = ¢ dA
NN = iU S ©

V(A) = 5A? 3 AR
k>3

as function of N = x/e, A
IS a tau-function of extended Toda lattice

Vac (s,t;e)

Z = TToda
for
=+10 = 4 spztl’p—O p >0
to=t>Y =0, t;=t>1=-1
tp=t*P = (p+ 1) \,q1, p>2
T¥%%a(s, t;e) = T,\\/l?_cs(t, S; €)
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Large N ~ small ¢ expansion of

e (z,t;€) = Zy(\i€)

N
Tr = . tr = (k+ 1)!>‘k—|—1

has the form

2
T 3 1
097 = 5z (109 = 5) — 751005

2g—2 32 2g—2
F, A=, A4, ...
—I_g;( ) 29(29 )_I_ZE g(ﬂ? 3y N\4, )

Fy(xz,\) = generating function of numbers of
fat graphs on genus g Riemann surfaces

Corresponds to the one-cut asymptotic dis-
tribution of the eigenvalues of the large size
Hermitean random matrix A
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Multicut case: G gaps in the asymptotic dis-
tribution of eigenvalues of random matrices
= singular behaviour of the correlation func-

1at

tions (terms ~ e ¢ arise)

O /” /,’/
(c)

T

08
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(from Jurkiewicz, Phys. Lett. B, 1991)

correlation functions: average
out the singular terms

Question: Which integrable PDEs describe
the large N expansion of smoothed correla-
tion functions?
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Claim (B.D., T.Grava, in progress): The full
large N expansion of the smoothed corre-
lation functions is given via the topological
tau-function associated with the Frobenius
structure M"™, n = 2G + 2 on the Hurwitz
space of hyperelliptic curves

2042
pe= J] A=)
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Recall the general construction: Frobenius
structure on the Hurwitz space M"™ = moduli
of branched coverings

A Zo— Pl

fixed degree, genus G, ramification type at
infinity, basis of a- and b-cycles (n = number
of branch points A = u; for generic covering).

Must choose a primary differential dp (say,
holomorphic differential with constant a-
periods)

Then, for any two vector fields 01,0, on M™
the inner product

~ 01(Adp) 92 (Adp)
Z resA:ui X
i=1

for any three vector fields 01, 0o, 03 on M"

(01,02) =

Z resy_ 31(>\dp)32(>\dp)33()\dp)

01-02, 03)
(01:02,03) = N dp
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G = 1 (two-cut case). Here n = 4.
Flat coordinates on the Hurwitz space of el-
liptic double coverings with 4 branch points
are u, v, w, 7. Can be described by the super-
potential (= symbol of Lax operator)

A(p) = v +u (Iog O1(p — w|7)>/
01(p + w|T)
The Frobenius structure given by
’ 1 01(2
F:LT’UQ—Q’LL’U’UJ—F’LLQK)Q 1/( w|T)
47 mu 07(0|T)
Recall
O1(x|T) | , = " sinmTmuz
og [—weg(oh)] _IogS|n7r;r;—|—4mz_:l1_q2m -

q—=—¢
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Corresponding integrable hierarchy of the
topological type for the functions u, v, w,
7, four infinite chains of times

twP VP WP tTP T hen

Z ~ TvaC

witht@1 — ¢ l_1 %0 = 0, 1% = (k4+1)1N,41

w0 =g

other couplings = O.

The solution is given in implicit form
gradd =0

® =zw—uv+u?P(2uw|T)

+3Xs3u [0 — 2uv P1(2w|r) 4+ u? (P2(2w|r) — P2(2w|r) + 4w i(log n(r))')]

+2X3u [21}3 — 6uv?P(2w|T) + 6uv <P12(2w|7') — Po(2w|r) 4+ 4w i(log 77(7'))/)

—u® [ Ps(2w|) 4+ 2P1(2w|r) (P1(2w|r)? — 3P2(2w|r) + 127 (log n(7))')] |

+ ...
where

P(z|r) := 8810901 (z|7), k=1,2,3

19



Canonical coordinates (branch points)

w; = v —2uflog§;(v|7)], i=1,...,4.

e2-correction

1 1 &
F1=——logu—logn(2r) + - > logu;
6 24 =1
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