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Introduction

Definition (Chirikov-Taylor standard family of maps)
Let T = R/Z, k € RT, ¢(x) = 27~ L sin(27x); define f,, : T? — T2

fo: (@,9) = (y, 2 + 2y + £g(y)) mod Z7

fr is a symplectic reversible exact twist diffeomorphism.
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fo: (@,9) = (y, 2 + 2y + £g(y)) mod Z7

fw is a symplectic reversible exact twist diffeomorphism.
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Introduction

Definition (Chirikov-Taylor standard family of maps)
Let T = R/Z, k € R, ¢(x) = 27~ L sin(27x); define f, : T?> — T?

fo: (@,y) = (y, —7 + 2y + kd(y)) mod Z*

fx is a symplectic reversible exact twist diffeomorphism.

i 083

k>1
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Conjecture (Carleson-1991):
Ii_)m Leb({x € R" s.t. f, has no elliptic islands} N [n,n + 1]) = 1
n—oo




Introduction

Question i
Is @ ={x € R s.t. f, isergodic} # () ?

Conjecture (Carleson-1991):
lim Leb({x € RT s.t. f, has no elliptic islands} N [n,n +1]) =1
n—oo

Question (Sinai-1994) —_—
Let C* = {k s.t. hrep(fi) > 0}; does any of the following hold?
C* =R\ {0} LebC* >0 C* £ 10

By Pesin theory we know that if hep(f) > 0, there exist positive
measure invariant sets on which fy is ergodic (stochastic sea)
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Some related previous results

Theorem (Duarte-1994)

There exists ko > 0 and a residual set of parameters MP C [kg, 00)
st. if k € MP, then f,. has infinitely many elliptic periodic points

accumulating on a locally maximal hyperbolic set that fills the torus
as Kk — 00
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Some related previous results

Theorem (Duarte-1994)

There exists ko > 0 and a residual set of parameters MP C [kg, 00)

st. if k € MP, then f,. has infinitely many elliptic periodic points

accumulating on a locally maximal hyperbolic set that fills the torus
as Kk — 00

Theorem (Gorodetksi-2010)

There exists ko > 0 and a residual set of parameters MS C [k, 00)
st. if k € MY, then the stochastic sea of f has full Hausdorff
dimension
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Main results

Theorem (2011) —

There exists ko > 0 and a dense set of parameters M C [kg, 00) of
Hausdorff dimension larger than ¥ such that if k € M, then f.. has
infinitely many elliptic islands whose centers accumulate on a locally
maximal hyperbolic set that fills the torus as k — o0
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Main results

Theorem (2011)

There exists ko > 0 and a dense set of parameters M C [kg, 00) of
Hausdorff dimension larger than ¥ such that if k € M, then f.. has
infinitely many cyclicity 1 elliptic islands whose centers accumulate
on a locally maximal hyperbolic set that fills the torus as kK — 0o

Theorem (2011)
There exists a kg > 0 such that for almost every Kk > kg the standard
map fy has only finitely many cyclicity 1 elliptic islands
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Definitions

Basic observation
For large & there exists a set C,, C T? and cone fields %*° such that

VP €T\ Cr  fuuilp CGllsp Fiils C €ilyony,

Definition (k-adapted slope field)
h : T? — RP smooth such that diffeomorphisms transform xh as
the slope of a vector field. In particular:

1 1
H*h’ =h; — ,:h =h_ —————
J Y K2ho fi! J LT 2l — B0 f,

hi(z,y) = (25(1‘) + 257" h-1(z, y) =0
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Definitions

Definition (rk-adapted slope field)
h : T2 — RP smooth such that diffeomorphisms transform xh as
the slope of a vector field. In particular:

1 1
b=ty = —— i =
f 1 2B o f,;l f 1+

hi(z,y) = ¢(z) + 2k" h-i(z,y) =0

Fix @ € (4,1) and 7 € R, then there exist C'"* s.t.:
Cula,7) = {pst. |hi(p)| < 71}
€ (a,7) = {hst ||h—hi] <C', "1}
€ (a,7) ={h st |h—h_q] < C3k*71}

VpeT\Cu [uubily CEllsp [i6iln C CRl -1,
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Definitions

Definition (Cyclicity)
Let p € T? a periodic point for f, of least period N:

s(p) = card ({p, fup, -+, [N Ip} N Cy)

By invariance of €% outside Cy:

pelliptic = s(p)>0
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Results

Theorem (2011)

There exists ko > 0 and a dense set of parameters M C [k, 00) of
Hausdorff dimension larger than ’; such that if K € M, then f, has
infinitely many cyclicity 1 elliptic islands whose center accumulate
on a locally maximal hyperbolic set that fills the torus as kK — oo

Theorem (2011)

There exists kg > 0 such that for almost every k > kg the standard
map f. has only finitely many cyclicity 1 elliptic islands
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Results

Theorem (2011)

There exists ko > 0 and a dense set of parameters M C [k, 00) of
Hausdorff dimension larger than ’; such that if K € M, then f, has
infinitely many cyclicity 1 elliptic islands whose center accumulate
on a locally maximal hyperbolic set that fills the torus as kK — oo

Theorem (2011)

There exists kg > 0 such that for almost every k > kg the standard
map f. has only finitely many cyclicity 1 elliptic islands

Conjecture

There exists kg > 0 such that for almost every k > kg the standard
map f. has only finitely many elliptic islands of either bounded
cyclicity or period larger than some N
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Preliminary construction

o Fix o, 7; choose pair of critical sets (AI,.C C Cy:

CKJ = CH(O‘a 7-) le = C,{(Oé, 7-/10)

Recall C(cv, 7) is a O (7*1) strip around critical points of ¢
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Preliminary construction

o Fix o, 7; choose pair of critical sets (AI,.C C Cy:

CKJ = CH(O‘a 7-) le = C,{(Oé, 7-/10)

o Construct locally maximal hyperbolic set A, C T2\ C,,
w/ expansion rate > k%; Markov partition (of Ay):

AxDdpr---a_sa_iapaiay -
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Preliminary construction

o Fix o, 7; choose pair of critical sets (AI,.C C Cy:

CKJ = CH(O‘a 7-) le = C,{(Oé, 7-/10)

o Construct locally maximal hyperbolic set A, C T2\ C,,
w/ expansion rate > k%; Markov partition (of Ay):

AxDdpr---a_sa_iapaiay -

o Extend the construction to a finite time Markov structure:

T2\ Cr D p > (Gs - G_18001 - - - Gx)

Symbols @ belong to some extended alphabet
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Preliminary construction

o Fix o, 7; choose pair of critical sets (AI,.C C Cy:

CKJ = CH(O‘a 7-) le = C,{(Oé, 7-/10)

o Construct locally maximal hyperbolic set A, C T2\ C,,
w/ expansion rate > k%; Markov partition (of Ay):

AxDdpr---a_sa_iapaiay -

o Extend the construction to a finite time Markov structure:

T2\ Cr D p > (Gs - G_18001 - - - Gx)

C.oprw(p) = (ar---an)

Note: if p € Cp N f,.71Cy, we set p — ()
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Eu = {kst. Ip € Cy, p cyclicity 1 elliptic p.p. for fi, w(p) = w}

Jm =[m —%,m+ %] mlarge enough



Main lemmata

&, = {k s.t. Ip € Cy, p cyclicity 1 elliptic p.p. for f., w(p) = w}

Im = [m — %, m+ %] m large enough

Lemma (Upper bound)
Givenw, k, 3 at most one cyclicity 1 elliptic p.p. for fi. s.t. w(p) = w
card{w}|,| < Const ml!
Leb(d, N &) < Const m~2elwl=1
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&, = {k s.t. Ip € Cy, p cyclicity 1 elliptic p.p. for f., w(p) = w}

Im = [m — %, m+ %] m large enough

Lemma (Upper bound)
Givenw, k, 3 at most one cyclicity 1 elliptic p.p. for fi. s.t. w(p) = w
card{w}|,| < Const ml!
Leb(d, N &) < Const m—2alwl-1

Lemma (Density + Lower bound)
For any B C J,, there exists N s.t. diam B ~ m™ and w with
|w| = 2N such that B D &, D J.,, where J,, is an interval and

diam J,, > Const m~4N-1
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Main lemmata

&, = {k s.t. Ip € Cy, p cyclicity 1 elliptic p.p. for f., w(p) = w}

Im = [m — %, m+ %] m large enough

Lemma (Upper bound)
Givenw, k, 3 at most one cyclicity 1 elliptic p.p. for fi. s.t. w(p) = w
card{w}|,| < Const ml!
Leb(d, N &) < Const m—2alwl-1

Lemma (Density + Lower bound)
For any B C J,, there exists N s.t. diam B ~ m™ and w with

|w| = 2N such that B D &, D J.,, where J,, is an interval and

diam J,, > Const m~4N-1

Moreover, the middle log N symbols in w can be fixed arbitrarily
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Conclusion of the proof

Lemma (Upper bound)
Givenw, Kk, 3 at most one cyclicity 1 elliptic p.p. s.t. w(p) = w

card{w}|,| < Const ml*!
Leb(d, N &) < Const m—2elwl=1

o If pacyclicity 1p.p. for fi, = K € € )
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Conclusion of the proof

Lemma (Upper bound)

Given w, Kk, 3 at most one cyclicity 1 él[iptic p.p. st w(p) =w
card{w}|,| < Const ml*!

Leb(J,, N &,,) < Constm~22wI=1

o If pacyclicity 1p.p. for f, = k € &)
° ZN ZM:N Leb(d,m NEL) = ZN m1—20)N=1 _

o Borel-Cantelli lemma implies the result. t
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Conclusion of the proof

Lemma (Upper bound)

Given w, Kk, 3 at most one cyc[fcity 1 elliptic p.p. s.t. w(p) = w

card{w}|,| < Const ml*!
Leb(J,, N &,,) < Constm~22wI=1

o If pacyclicity 1p.p. for fi, = K € € )
© DN 2jul=n Leb(@m N Eu) = 2N m{1720N =1 < oo
o Borel-Cantelli lemma implies the result. t
o Moreover notice:
Z Z Leb(Jp N EL) ~m™!
N |w|=N
There are no cyclicity 1 elliptic p.p in a parameter set of density
approaching 1 as m — oo (i.e. Carleson conjecture holds for
cyclicity 1).
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Conclusion of the proof

Lemma (Density + Lower bound)
For any B C §,, there exists N s.t. diam B ~ m~™ and w with

|w| = 2N such that B D &, D J., where 3, is an interval and

diam J,, > Const m~4N-1

Moreover, the middle log N symbols in w can be arbitrarily fixed

o Let A, C A, \ Cy be a locally maximal hyperbolic set
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Conclusion of the proof

Lemma (Density + Lower bound)
For any B C §,, there exists N s.t. diam B ~ m~™ and w with

|w| = 2N such that B D &, D J., where 3, is an interval and
diam J,, > Const m~4N-1

Moreover, the middle log N symbols in w can be arbitrarily fixed

o Let A, C A, \ Cy be a locally maximal hyperbolic set

o Enumerate all possible words of given length for A
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Lemma (Density + Lower bound)
For any B C §,, there exists N s.t. diam B ~ m~™ and w with

|w| = 2N such that B D &, D J., where 3, is an interval and
diam J,, > Const m~4N-1

Moreover, the middle log N symbols in w can be arbitrarily fixed

o Let A, C A, \ Cy be a locally maximal hyperbolic set
o Enumerate all possible words of given length for A

o Construct a Cantor set in B by induction using the lemma
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Conclusion of the proof

Lemma (Density + Lower bound)
For any B C §,, there exists N s.t. diam B ~ m~™ and w with

|w| = 2N such that B D &, D J., where 3, is an interval and
diam J,, > Const m~4N-1

Moreover, the middle log N symbols in w can be arbitrarily fixed

o Let A, C A, \ Cy be a locally maximal hyperbolic set
o Enumerate all possible words of given length for A

o Construct a Cantor set in B by induction using the lemma
fixing the middle symbols according to the enumeration O
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Define Ag,,,i ={p € Cx s.t. w(p) = w}; AZW = ,Lw|+1A£,,,€

|w]+1
K




Proof of the lemmata

Define Aﬂm ={p € Cx s.t. w(p) = w}; AZW = ,Lw|+1ABJ7,.;
Adapted coordinates on Ag,,,.i and Azm

|w|+1
K

b
Aw,n
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Proof of the lemmata

Define Afm ={peCxst w(p) =w}; AEM = ,Lw|+1ABJ7,.i
Adapted coordinates on AE),,{ and Az,’,{

Leaf functions: (%,[C; £](€) and €, [n; k] (€)
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Proof of the lemmata

Define Afw ={peCxst w(p) =w}; AEM = ,Lw|+1ABJ7,.i
Adapted coordinates on AHW and Az,’,{

Leaf functions: (%,[C; £](€) and €, [n; k] (€)

L el [ Geometrical bounds:
dx
Lo~ sup et o lwla
peAl . Yo
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Proof of the lemmata

Define Afw ={peCxst w(p) =w}; AEM = ,Lw|+1ABJ7,.i
Adapted coordinates on AHW and Az,’,{
Leaf functions: (%,[C; £](€) and €, [n; k] (€)
Geometrical bounds:
d
Lo~ sup Hlwl+1 > glole
pea,, Y0

Dependence on k:

10 (€2, 73 5](€) — L[ K](€))] ~ 1
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Proof of the lemmata

Define Afw ={peCxst w(p) =w}; AEM = ,Lw|+1ABJ7,.i
Adapted coordinates on AHW and Ab,n
Leaf functions: (%,[C; £](€) and €, [n; k] (€)
Geometrical bounds:
d
Lo~ sup Hlwl+1 > glole
pea,, Y0

Dependence on k:
0w 5)(€) = L5 1G K1) ~ 1

Ellipticity condition:
|0 (€2, K)(€) — LG R)(O))] S £5°
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Proof of the lemmata

Define Afw ={peCxst w(p) =w}; AEM = ,Lw|+1ABJ7,.i
Adapted coordinates on AHW and Ab,n
Leaf functions: (%,[C; £](€) and €, [n; k] (€)
Geometrical bounds:
d
Lo~ sup Hlwl+1 > glole
pea,, Y0

Dependence on k:
0x(€5 15 K1(€) = LG K1) ~ 1
Ellipticity condition:

|0 (€2, K)(€) — LG R)(O))] S £5°

w-adapted C,, . of thickness ~ ﬁ_IL;1
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Define ABM ={peCypst wp) =w} AZ,H = ,Lw|+1AB),,§

n_1£;2]

n_1£;2]

kLLo!




Define ABM ={peCypst wp) =w} AZ,H = ,Lw|+1AB),,§

Cw,n
e AL
K102 %M’“




Upper and lower bounds

Define Afu,,{ ={p € Cy st w(p) =w} AEM = L“'“AEM

If p € A, cyclicity 1 elliptic p.p.:
pE Afm

—1p-2
KLy

—1p-2
KLy
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Upper and lower bounds

Define Afu,,{ ={p € Cy st w(p) =w} AEM = L“'“AEM

If p € A, cyclicity 1 elliptic p.p.:
pE Afm N AEW

—1p-2
KLy

—1p-2
KLy

Jacopo De Simoi Cyclicity one elliptic islands in the Standard family 13/15



Upper and lower bounds

Define Afu,,{ ={p € Cy st w(p) =w} AEM = ,LleABM

If p € A, cyclicity 1 elliptic p.p.:
C“”” pec Aﬁ],f{ N AZ},H

b
kLL52 Do Consider diagonal leaves ¢P* and (P’
thenifp € P* n EDb, pis a cyclicity 1 p.p.
- + ellipticity condition

—1p—2|—— |Pwk
KLy

~1p-1
k=L,
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Upper and lower bounds

Define Afu,,{ ={p € Cy st w(p) =w} AEM = ,LleABM

If p € A, cyclicity 1 elliptic p.p.:
C“”” pec Aﬁ],f{ N AZ},H

b
kLL52 Do Consider diagonal leaves ¢P* and (P’
thenifp € P* n EDb, pis a cyclicity 1 p.p.
- + ellipticity condition

—1p—2|—— |Pwk
KLy

= Both upper & lower bounds

*
H—2|w|—l § Leb &, Sj H—2a\w\—1

~1p-1
k=L,
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Upper and lower bounds

Define Afw ={p € Cy st w(p) =w} AEM = ,LleABM

—1p-2
KLy

—1p-2
KLy

~1p-1
k=L,

If p € A, cyclicity 1 elliptic p.p.:
pE Afm N AEW
Ab . . Dt Db
w.k  Consider diagonal leaves {*" and ¢
thenifp € P* n EDb, pis a cyclicity 1 p.p.

- + ellipticity condition
w,K

= Both upper & lower bounds

*
H—2|w|—l § Leb &, S H—2a\w\—1

+ at most 1 elliptic p.p. with given w
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Density argument

Observation

ABM and ABJ, . are close if the first symbols of w,w’ agree

AEM and AEJ, . are close if the last symbols of w, w’ agree

Definition (Bicylinder of rank r)
2 = {w with prescribed first and last 7 symbols}
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w={a - e
(a1ag -« Qp* % %k k% Qn—rQn—r4+1° " Qp_20n_1 )

'

Of QP



w={a - e
(a1ag -« Qp* % %k k% Qn—rQn—r4+1° " Qp_20n_1 )

~~

Of QP




Density argument

Observation
ABJW and Ag},ﬁ are close if the first symbols of w,w’ agree

Azw and AEJ, . are close if the last symbols of w, w’ agree

Definition (Bicylinder of rank r)

2 = {w with prescribed first and last  symbols}

o Given Q = Qf N Q’ of rank r we have nontrivial intersections
for 1 € Jg ball with diam Jo ~ L) + £

Jacopo De Simoi Cyclicity one elliptic islands in the Standard family 14/15



Density argument

Observation
ABJW and Ag},ﬁ are close if the first symbols of w,w’ agree
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Definition (Bicylinder of rank r)

2 = {w with prescribed first and last  symbols}

o Given Q = Qf N Q’ of rank r we have nontrivial intersections
for 1 € Jg ball with diam Jo ~ L) + £

o Givenaball B € J,, 3 Qs.t. Jg C B, diam B ~ mrank
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Density argument

Observation
ABJW and Ag},ﬁ are close if the first symbols of w,w’ agree

Az}’,{ and AEJ, . are close if the last symbols of w, w’ agree

Definition (Bicylinder of rank r)

2 = {w with prescribed first and last  symbols}

o Given Q = Qf N Q’ of rank r we have nontrivial intersections
for 1 € Jg ball with diam Jo ~ L) + £

o Givenaball B € J,, 3 Qs.t. Jg C B, diam B ~ mrank

o Previous argument implies 3 p elliptic N-p.p. with w(p) € Q,
N ~ 2rankQ = J, C B,diam{J, ~ 4 rank
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Density argument

Observation
ABJW and Ag},ﬁ are close if the first symbols of w,w’ agree

Az}’,{ and AEJ, . are close if the last symbols of w, w’ agree

Definition (Bicylinder of rank r)

2 = {w with prescribed first and last  symbols}

o Given Q = Qf N Q’ of rank r we have nontrivial intersections
for 1 € Jg ball with diam Jo ~ L) + £

Givenaball B € J,,, 3 Qs.t. Jo C B, diam B ~ mrank&

Previous argument implies 3 p elliptic N-p.p. with w(p) € Q,
N ~ 2rankQ = J, C B,diam{J, ~ 4 rank

Arbitrary choice of central log N symbols in w(p)

©

©

©
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o The construction relies on the generic condition of
non-degeneracy of critical points



Final remarks

o The construction relies on the generic condition of
non-degeneracy of critical points

o The construction gives plenty of information on the parameter
space. In particular it seems it can be used to study higher
cyclicity orbits without a geometrical understanding of
multiple passages through the critical set.
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Final remarks

o The construction relies on the generic condition of
non-degeneracy of critical points

o The construction gives plenty of information on the parameter
space. In particular it seems it can be used to study higher
cyclicity orbits without a geometrical understanding of
multiple passages through the critical set.

o The construction provides estimates on the size of elliptic
islands; such estimates seem to be sharp for cyclicity 1.
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