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Uniformly distributed sequences of points

Uniform distribution
Discrepancy

Given any real number x, let us denote by [x] its integer part,
as usual.

Theorem (Kroneker)

Given an irrational number 0, the sequence {6n — [0n]}, of the
fractional parts of {6n} is dense in [0, 1].

Definition (Weyl, 1914)

A sequence of points {x,} of the interval [0, 1] is said to be
uniformly distributed if for all 0 < a < b < 1 we have
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Uniformly distributed sequences of points

Uniform distribution
Discrepancy

Theorem (Bohl, 1909 - Sierpinski, 1910 - Weyl, 1914)

Given an irrational number 6, the sequence {6n — [0n]},, is
uniformly distributed in [0, 1].

Theorem (Weyl, 1914)
A sequence of points {xp} of [0, 1] is uniformly distributed if for
any f € C([0,1]) we have

50— [ o
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Uniformly distributed sequences of points

Uniform distribution
Discrepancy

@ Some extension: on curves, on surfaces, in higher
dimension, in compact spaces, on fractals, in topological
spaces

@ Application: numerical integration - Quasi-Monte Carlo
methods
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Uniformly distributed sequences of points
Uniform distribution
Discrepancy

Definition (van der Corput and Pisot, 1939)

Given X = {xp}nin [0, 1], the discrepancy of X is defined as

0<a<hb<

N
:
Dn(X) = D(xy,...,xy) = sup N > Xia,p(Xi) — (b - a)|,
i1

and the star-discrepancy as

N
1

Dy(X)=D*(xq,...,xy) = SUp |— Y X X;) — b|.

N(X) (x1 N) O<bF§)1 N’; [0, b (Xi)
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Uniformly distributed sequences of points

Uniform distribution
Discrepancy

® Dy(X) < Dy(X) < 2D3(X)

@ X ={xp}isu.d. <=>Dy(X) -0as N -

Theorem (van der Corput-Pisot, 1939)

For any finite sequence X = {xy,...,Xxn} we have

SD(X1,...,XN)<1.

2=
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Uniformly distributed sequences of points
Uniform distribution
Discrepancy

Theorem (Schmidt, 1972)

Given X = {xn}n in [0, 1], there exists a positive constant ¢
such that
N Dy(X) > clogN

for infinitely many N € N.

Low discrepancy sequences of points:

Di(X) < C 'O?VN for all N € N
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LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements
LS - sequences of partitions

Definition (Kakutani, 1976)

Fix a real number a €]0, 1[. If 7 is any partition of [0, 1], its
a-refinement, denoted by o, is obtained subdividing the
longest interval(s) of length ¢ into two intervals of lengths « ¢
and (1 — a)f. By o we denote the a-refinement of o~ 'x
The sequence {x,} of successive a-refinements of the trivial

partition w = {[0, 1[} of [0, 1] is the Kakutani a-sequence.

a = } @ binary sequence of partitions { [, & [, 1 <i< 2"}
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nces of partitions Kakutani sequences and VolCi¢ p-refinements
LS - sequences of partitions

® | |
0 1
a 1-a
aw | | |
0 1
a? a(1-a) 1-a
aZw | | | |
0 1
ol a? (1-a) a (1-a) 1-a
a3 | | | | |
0 1
at a? (1-a) a2 (1-a) o (1-a) 1-a
atw | | | | | |
0 1
[ at(l-a) o3 (1-0) a2 (1-a) a(1-a) 1-o
asw | | | | | | |
0 1

d points



LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements
LS - sequences of partitions

Definition

We say that a sequence of partitions {mr,} of [0, 1], where
mn = {1, ¥/[,1 < i< ta}, is uniformly distributed if for all
0<a< b<1wehave

lim — Z X(ab[(¥/) =

n—oo tp

Theorem (Kakutani, 1976)

For any « € 10, 1[ the Kakutani a-sequence {rn} is uniformly
distributed.
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LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements

LS - sequences of partitions

The sequence of partitions {mn} of [0, 1[, with =, = {[y {,¥/[.
1 <i<ty}, isuniformly distributed if for all f € C([0, 1]) we have

1
n'me;ny' :/0 f(t) dt
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LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements
LS - sequences of partitions

Definition

The discrepancy of the sequence of partitions {7} of the
interval [0, 1[, with 7, = {[y/{, y/[,1 < i<t} is

0<a<b<i

tn
:
D(mn) = sup T > Xan () — (b—a)
i=1

and the star-discrepancy is

D*(mn) = sup |+ ZX[O pi(yi") — bl
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LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements

LS - sequences of partitions

D*(mp) < D(mn) < 2D*(mp)
{mn}is u. d. <=> D*(mp) — 0 when n — oo

otlngD(wn)§1

Example: Knapowski sequence {[=!, L[ .1 <i < n})

Low discrepancy sequences of partitions:

D(mp) < Ctl for all ne N
n
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LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements
LS - sequences of partitions

Definition (A. VoICic¢)

For any non trivial finite partition p of [0, 1], the p-refinement of
a partition = of [0, 1[ ( denoted by p) is obtained by subdividing
all the intervals of © having maximal length positively (or
directly) homothetically to p. For any n € N, the p-refinement of
p"~ 17 is indicated by p"r.

The sequence of p-refinements is the sequence {p"w} (briefly,
{p"}) of the successive p-refinements of w.

It p = {[0, o, [ev, 1[}, then {o"} = {xn}. J
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LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements
LS - sequences of partitions

Theorem (A. VoICi¢)

For any non trivial finite partition p of [0, 1], the sequence {p"w}
is uniformly distributed.

Drmota and Infusino (2012) gave upper and lower bounds for
the discrepancy of the sequences of p-refinements {p"w}.
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LS-sequences of partitions Kakutani sequences and VolCi¢ p-refinements
LS - sequences of partitions

Definition (1. Carbone)

Let us fix two positive integers L and S and let 0 < 5 < 1 be the
real number such that L3 + S3° = 1. Denote by pLs the
partition defined by L “long" intervals having length g followed
by S “short" intervals having length 32. The sequence of

successive p; g-refinements of the trivial partition w is denoted
by {pﬁsw} (or {pﬁs} for short) and is called LS-sequences of
partitions.

P14 = {[0, @ [, {@,1 [} then {pf ;} is the Kakutani

5—1
\[T - sequence.
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LS-sequences of partitions Kakutani sequences and VoICi¢ p-refinements

LS - sequences of partitions

@ Each partition pj 5 contains only two kinds of intervals
long and short intervals of length 37 and 3"+, resp.

@ thp =Lt 1+ Styh_p with fo=1 andty =L+ S

@ L=S=1
psi=1 (5= 1)

th=th_1+ tho with f=1, H =2

Kakutani-Fibonacci sequence of partitions {p7 ;}
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LS-sequences of partitions Kakutani sequences and VoICi¢ p-refinements
LS - sequences of partitions

ani
o | | to=1
0 1
p p?
Lo | | | t1=2
0 1
p? p? p?
Lo | I | | t2=3
0 1
33 B [53 [;i Bt
o | | | | | | t3 =5
0 1
p* p* p* p* ps p* p* p*
oo | | | | | | | | | ta =8
0 1
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LS-sequences of partitions Kakutani sequences and VoICi¢ p-refinements
LS - sequences of partitions

Theorem (I. Carbone)

Q S<L: 1
1
Ci =5 D(pfs) < Co
n n
Q@ S=L+1:
Cs log t, < D(p} ¢) < Cs log t,
tn ’ tn
Q@ S>L+2:
"
— < D(pc) <
Cs 0 (pls) < Ce [
with v = 1 + 2% < 4,
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LS-sequences of partitions Kakutani sequences and VoICi¢ p-refinements

LS - sequences of partitions

@ S < L: low discrepancy sequences of partitions

D(pls) < C; for all ne N.
n

@ The Kakutani - Fibonacci sequences of partitions {7, }
has low discrepancy.
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van der Corput sequence
LS-sequences of points in the unit interval LS-sequences of points

Definition (van der Corput, 1935)

Given any positive integer n, its dyadic expansion is
n=Y"Y, n2/, where M = [log, n], and its 2-radix notation is

[N)2 = npny—1 - .. No.
By reversing the order of the digits we get the number
O.non1 .. Ny,

which is the 2-radix notation of the radical-inverse function ®» in
n:

M
dp(n) = nm2~"
i=0

The sequence {®,(n)} is the van der Corput sequence.
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van der Corput sequence
LS-sequences of points

LS-sequences of points in the unit interval

0 1
1° 2°

| | |
0 1/2 1
1° B 2° 4°

| | | | |
0 1/4 1/2 3/4 1
1° 5° 3° 7° 2° 6° 4° 8°

| | | | | | | | |
0 1/8 1/4 3/8 1/2 5/8 3/4 7/8 1
1° 9° 5 13° 3° 11° 7° 15° 2° 10° 6° 14° 4° 12° 8° 16°
| | | | | | | | | | | | | | | | |
0 1/16 1/8 3/16 1/4 S/16 3/8 7/16 1/2 9/16 5/8 11/16 3/4 13/16 7/8 15/16 1
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van der Corput sequence

LS-sequences of points in the unit interval LS-sequences of points

Theorem (van der Corput, 1935)

The van der Corput sequence X = {®2(n)}, has low
discrepancy, and satisfies

log(N + 1)

<
Du(X) = Nlog2

for any N e N.
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van der Corput sequence
LS-sequences of points in the unit interval LS-sequences of points
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van der Corput sequence
LS-sequences of points in the unit interval LS-sequences of points

Definition (I. Carbone)

There exists an explicit algorithm “a la van der Corput" which
reorders the left endpoints of the intervals of each partition pf’ s
The sequence of points {¢] g} obtained this way is called
LS-sequence of points.
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LS-sequences of points in the unit interval

van der Corput sequence
LS-sequences of points

0

1° 2°

| I

0 B

1° 3° 2°

| | |

0 # B

® o ¥ 7 o

| | I | I

0 g I B p+p’
1° 6° 4° B 8° 2 7° 5°

| I I | | | | I

0 8 £ 5 6t B p+p pep’




LS-sequences of points in the unit interval

van der Corput sequence
LS-sequences of points

[0]2
[1]2
[2]2
[3]2
[4]2
[5]2
[6]2
[7]2
[8]2
[9]2
[10]2
[11]2
[12]2

0.0

0.1
0.01
0.11
0.001
0.101
0.011
0.111
0.0001
0.1001
0.0101
0.1101
0.0011
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Low discrepancy sequences of partitions and points

L il

Ll

0 = 511,1
B - §12,1
p? - §$,1
G = 5?,1
B+ 53 = 5151
Bt &,
B+p* =¢,
g2+t =6,
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van der Corput sequence
LS-sequences of points in the unit interval LS-sequences of points

Definition

Given a positive integer b, any n € N has a b-adic expansion of
the type n = S-M, n; b’ (where M = [log,, n]). The b-radix
notation of nis

[n]b = Nynp—1 ... MNo.

By reversing the order of the digits we get the number
0.ngny ... Ny,

which is the b-radix notation of the radical-inverse function ¢,
in n:

M
dp(n) = Z n,-b"‘1 .
i=0
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van der Corput sequence

LS-sequences of points in the unit interval LS-sequences of points

For each 0 < i < L — 1 we define the functions
Yi(x) = px +if restricted to 0 < x < 1,
and for every L < < L+ S — 1 the functions
Yi(x) =px+ LB+ (i — L)B2 restricted to 0 < x < 3.
We have

Ns={tls s 6} = {o(0)1(0),.. ., Yirs 1(0)}.

The compositions ; ; = 1; o 1; are not defined whenever

(if)€ ELs={LL+1,...,L+S=1} x{1,...,L+S—1}.
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van der Corput sequence
LS-sequences of points in the unit interval LS-sequences of points

Proposition

For any n € N we have
n ~
Vi p,.nin(X) = B"Xx + Z i X,
k=1

where (ip, ..., I1) is the ordered n-tuple of elements of the set
{0,1,...,L+ S —1} such that (ik41 ,ix) ¢ EL s for any
1<k<n-1and

ik:ik ifik€ {0,1,...,L},

=L+ kBifice{L+1,....L+S—1} with jx = L+ k.
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van der Corput sequence
LS-sequences of points in the unit interval LS-sequences of points

Definition

For any n € N whose (L + S)-radix notation is
[NL+s = NMNm—1 - .. N, we define its LS-radical inverse

function
M

o s(n) = mat,
j=0
where i =n;if0<m<Landn=L+j3ifL+1<n <L+
+S —1with nj = L +/.

For all nsuch that (n;, nj1) ¢ E; s, from

M
¢”07’71,~~~,HM(X) = an =+ Z F’j 5j+1

j=0

it follows that ®; s(n) = ¥nyny....,nu(0).
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van der Corput sequence
LS-sequences of points in the unit interval LS-sequences of points

Definition
For any positive integer n, written in its (L + S)-radix notation

[N](+s = NmNm—1 ... Ng, we denote by {n; s(n)} the sequence
of all positive integers such that (n;,nj.1) ¢ E; s -

Theorem (I. Carbone)

ForanyL,SeNand0 < 3 < 1 such that L5 + Sp? =1, the
LS-sequence of points {¢] s} is obtained as follows:

{&l s} = {®rs(n,s(n))}-
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van der Corput sequence

LS-sequences of points in the unit interval LS-sequences of points

Theorem (l.Carbone)
1) If S < L we have

log N
D<€Z787£E787"‘7€IL\{S> S k1 Ig\l fOI’ a” ne N.

2)IfS =L+ 1 we have

log? N
N

D(gg,s,gﬁs,...,gﬁfs) < ko

3)IfS > L+ 2 we have

for all ne N.

log N
D(EZ,S,ﬁf,s,-.~,£ﬁs> k3 OI?I for all ne N

Wlth’y—‘l—l-Io%(gsﬁﬁ) <1.
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van der Corput sequence

LS-sequences of points in the unit interval LS-sequences of points

@ S < L: low discrepancy sequences of points

log N
D<§Z,Sa§i$7”'7éll_\fs> < gT for all N € N.

@ To each low discrepancy LS-sequence of partitions {p] g}
corresponds a low discrepancy LS- sequence of points

{&l s}
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van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square

Outline

e LS-sequences of points in the unit square
@ van der Corput, Hammersley, Halton sequences

Ingrid Carbone - May 3, 2012 - Fields Institute -Tc Low discrepancy sequences of partitions and points



van der Corput, Hammersley, Halton sequences
LS-sequences of points

LS-sequences of points in the unit square

Definition (Weyl, 1914-1916)
Given s > 2, a sequence of points {Xn} in I°* = [0, 1[° is said to
be uniformly distributed if for all [a, b[ of /° we have

N
. 1
Nlinoo N ; X[a,b[(Xn) = A([a, b).

Theorem (Weyl)
A sequence of points {xn} in I° is uniformly distributed if for any
f € c(I°) we have

S fva
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van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square

Definition
Given X = {xn} in [0, 1[%, the discrepancy of X is defined as

N
DN(X) = (1, xw}) = sup | 37>~ v i) — A(2, 6D
a, i=1

and the star-discrepancy as

N

DN(X) = D*({Xq,...,Xn}) = SUP NZX[O b[(Xi) — A([0, b])] .
0.b i=1
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van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square

Theorem (Roth, 1955)
For any finite sequence X = {Xy,..., Xy} in I°, s > 2, we have

N Dy(X) > C (log N)*z .
For any sequence X = {xn} in I°, s > 1, we have

N Dj,(X) > C (log N)=.

Theorem (Schmidt, 1972)
For any finite sequence X = {Xy,...,Xy} in I> we have

N Dj,(X) = C log N.
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van der Corput, Hammersley, Halton sequences
LS-sequences of points

LS-sequences of points in the unit square

@ Low discrepancy sequences of N points in /°:
log N
N < C=_-
Dy(X) < C N

@ Low discrepancy sequences of N points in /5, s > 2:

. (log N)s—1
< -~ =< 7
Dy(X) < C N
@ Low discrepancy sequences of points in /5, s > 2:

S
Di/(X) < c% for all N € N
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van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square

Definition

The van der Corput sequence of order N in /? is
n
(N,d>2(n)>, n=01,... N-1.
The Hammersley sequence of order N in IS is

n
(N,¢p1(n),...,¢psf1(n)), n=01,... N—1,

where py, ..., ps_1 are the first s — 1 prime numbers.
The Halton sequence in I is

{ (%1 (n),.... d>bs(n)) }

where by, ..., bs are pairwise relatively prime.
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van der Corput, Hammersley, Halton sequences
LS-sequences of points

LS-sequences of points in the unit square

Theorem (van der Corput, 1935)
The van der Corput sequence has low discrepancy:

DN(N’ 2(n) < C%'

Theorem (Halton, 1960)

The Hammersley sequence in IS and the Halton sequence in I*,
for any s > 2, have low discrepancy:

s—1
Dis(p- @ (). -5, () < ¢ LT

D,’(,({(d>b1(n),...,cbbs(n))}) <
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van der Corput, Hammersley, Halton sequences
LS-sequences of points

LS-sequences of points in the unit square

Outline

e LS-sequences of points in the unit square

@ [S-sequences of points

nces of partitions



van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square

Definition (1. Carbone)

1. For each LS-sequence of points {{f’s}, the sequence

{(gﬂs,%>},n:1,...,N—1,

is called LS-sequence of points a la van der Corput -
Hammersley of order N in the unit square.

2. For each pair of LS-sequences of points {{] 5 } and
{¢[ s, }s the sequence

{(&L, s,-€0,.8,)}

is called LS-sequences of points a la Halton in the unit square.
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van der Corput, Hammersley, Halton sequences
LS-sequences of points

LS-sequences of points in the unit square

The discrepancy of any LS-sequence of points a la van der
Corput-Hammersley {(¢] s, §)} of order N in the unit square
coincides with the discrepancy of {{[' s}

A consequence of the previous theorem is the following

Theorem (I.Carbone)

The LS-sequence of points a la van der Corput-Hammersley
{(§] s, )} of order N has low discrepancy whenever L > S.
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van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square
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van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square

LS-sequence a la van der Corput-Hammersley { ({4, 5500) }
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van der Corput, Hammersley, Halton sequences
LS-sequences of points
LS-sequences of points in the unit square

1)} for n < 5000

5000 points

1, S=3

L=




van der Corput, Hammersley, Halton sequences
LS-sequences of points

LS-sequences of points in the unit square

1)} for n <5000

; 5000 points
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