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Planktonic Bloom

> The dynamics of a rapid (or massive) increase of plankton

populations is an important subject in marine plankton ecology
and generally termed as a ‘bloom’. There has been global
increase in harmful plankton in last two decades and
considerable scientific attention towards harmful plankton has
been paid in recent years.

» The planktonic blooms may be categorized into spring blooms
and red tides. Spring blooms occur seasonally due to changes
in temperature or nutrient availability. Red tides are the result of
localized outbreaks associated with water temperature (Truscot
and Brindley, 1994, Bull. Math Biol.).




Effect of Harmful Algal Bloom (HAB)

= The adverse effects of harmful plankton species on human
health, commercial fisheries, subsistence fisheries, recreational
fisheries, tourism and coastal recreation, ecosystem and
environment are well established. Nevertheless, despite the
attention towards this issue, the nature of harmful plankton and
its possible control mechanism are not yet well established and
required special attention.




Plankton Bloom

Phytoplankton Bloom in the Baltic Sea
(Courtesy of NASA Visible Earth, http://visibleearth.nasa.gov/)
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How to control algal bloom

o A group of researchers is in the favor of viral infection and the other groups
are using toxin producing phytoplankton (TPP) for controlling the algal
bloom.

0 Recent works suggest that viruses are important regulatory factors in marine
ecosystem. Lytic viruses directly control population dynamics by viral lysis
(Suttle et al., 1995, Nature; Brussard et al., 1996, Ecology). Few mathematical
models also suggest that viral infection may be used as a controlling agent
for the termination of planktonic blooms (Beltrami and Carroll, 1994,
J.Math.Biol.; Chattopadhyay and Pal, 2002, Ecol.Mod.; Chattopadhyay and
Pal, 2003, BioSystems).




Toxin Producing Phytoplankton (TPP)

= Recent studies reveal that some times bloom of certain harmful
species leads to release of toxic substances. Toxin producing
plankton (TPP) release toxic chemicals and reduce the grazing
pressure of zooplankton. As a result TPP may act as biological
control for the termination of planktonic blooms (Chattopadhyay
et al., 2002, J. Theo. Biol., Chattopadhyay and Pal, 2004, Ecol.
Complexity, Chatterjee and Pal, 2011, Journal of Biological

Systems, Chatterjee et al., 2011, Applied Mathematics and
Computation).
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Study redion

Figure 1: Map of Coastal Region of West Bengal and part of Orissa,
India. (Source : CIFRI, Barrackpore, India).
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Collection Zone

Figure 2: Collection Region of marine plankton samples
in the NorthWest Coastal Region of Bay of Bengal.

—
- = - - -
N | . - |
[ S 4 |‘. | Station 3 |< - | SEpmony X
.
-
-
&
| zoNeE2 | -7
i { . B
L -7 ZONE 1

-

&

i

Searion 5 —"‘—F" Sislion & . Station 1

L

BAY OF BENGAL

Y
&

&,
My

5
LY

e —

TALSARI RIVER

Siatiom 7

I o
Digha Mohana MNew Digha Talsari




Fig. 1. Representation of field data. The abundance of Paracalanus sp. is low

when tihhe chaetocerous sp. Is at higih abundance
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Fig. 2. Average biomass distribution of Chaetocerous sp. (TPP) and

Paracalanus sp. (zooplankton) wihen only TPP present

Hrrerage Equassl:rr:m‘rrlll

P ass 5rLs




Fig.3 Average biomass distribution of NTP and zooplankton for

experimental data when only NTP present
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Fig.4 Average biomass distribution of TPP, NTP and zooplankton for

experimental data when botih NTP and TPP present in the system
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Field Observation

> In this context we like to mention the same results of Hulot and Huisman
(Nature) and Sole et al. (Ecol. Mod.) in consistence of our findings.

» TPP has a negative effect on the growth of zooplankton. This observation
resembles the results obtained earlier from field (Nielsen et al., Mar. Ecol.
Prog.) and laboratory experiments (lves, J.Mar. Biol. Ecol.).

» From this point of view we take account the negative effect in the growth
equation of zooplankton in formulation of our model.




Mathematical Model
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The Mathematical Model contd.

Let Py{t) be the concentration of the non-toxie phvtoplankton at time £, Let By(t) and Z(t)
e the concentration of taxe phytoplankton population and zooplankton respectively at time
f. Let v and & be the growth rates of non-toxie phytoplankton and toxie phytoplankton respec-

vely, Ky and Ky beth
Let o and 3 be the com
an non-fexie and toxe

carrying capacities of non-toxte and toxle phytoplankton respectively

jetition coefficients Let oy and o be the attack rates of zooplankton
hvtoplankton respectively. oy and o be the conversion efficiency

of non-toxae and toxie

hytoplankton 1nto zocplankton biomeass respectively. Let i be the

death rate of zooplankbon. Let by and fy be the product of attack rate and handlig time for
nat-toxic and toxe phytoplankton respectively




The Mathematical Model

dx, X, X

dt ( L~ X)) L+ 7% + 7%, L (X0 X5, %5)
dx, ¥4 X, X

—2 =y X, (1 X, — 11,X,) — 25 = F, (X, X, X
dt V3 2( > — M 1) 1+ 7% + 7% 2(X1 2 3)
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dt  1+yX+7.X

—VeXs = F3(X1’ Xy, X3)




The Mathematical Model contd.

whr
_oky o BRL B A = T
i1 = 1'1'|:'“-'|""H1'1'-. o =R, =z =5 o= 13.4]
"|| — ”Il,.nl- f — |'IIlJ'|.
Systerm (3.3) has to be analyzed with the followimg mitial conditions;
eyl 00 = 0, mal 00 =0, w00 = 00, (3.5)

For convemence m the following, time 7 15 replaced by t as the dimensionless time,




Some basic results

= All the solutions of the above system are ultimately bounded.
= The system possesses five equilibria.

The system (2.3) possesses the following equilibria; the plankton free equilibrinm
Fiy = (00,0, 0, the toxie phytoplankton and zooplankton free equilibrium £ (1,0,0),
nor-toxie phytoplankton and z Iulzl-ml{run f]'rwru[uililu'ium Fol 01,0, a frw'lﬂwuur
plankton free equilibrium f(=> L =l ) The existence criterion of F

iy = 1and pg > 1. There rﬂhlara i aall 1r1 tu Kie 1zlnru11111htu 11 free ﬂcuuhlumm

MW
i) 1 -

Ey i 0,2 ———. The equilibrium Fj exists ifa; >%(L+7).




Positive Interior Equilibrium

The posttive infenior equbibrinm £* = (2", 25", 24"] where
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Stability Analysis

By computing the variational matrix around the respective biological feasible
equilibria, one can easily deduce the following lemmas:-

Lemma 1. The steady state E0=(0,0,0) of the system (2.3) is a saddle point.

Lemma 2. There exists a feasible toxic phytoplankton and zooplankton free
steady state E1=(1,0,0) which is saddle.

Lemma 3. There exists a non-toxic phytoplankton and zooplankton free
steady state E2=(0,1,0) which is saddle.

Lemma 4. There exists a zooplankton free steady state E3=(x,,x,,0) which is
saddle (From the existence criterion of E,).




Stability Analysis contd.

= We observe that the toxic phytoplankton free state E, is unstable
under certain parametric condition.

= By computing the variational matrix around the positive interior equilibrium E” we
find that for a certain threshold of the system parameters, the system possesses
asymptotic stability around the positive interior equilibrium depicting the
coexistence of all the three species.




The Stochastic Model

** In the present study we introduce stochastic perturbation terms
iInto the growth equations of both prey and predator population to
Incorporate the effect of randomly fluctuating environment (Tapaswi,
P.K. and Mukhopadhyay, A. J. Math. Biol.).

+We assume that stochastic perturbations of the state variables
around their steady-state values E* are of Gaussian white noise type
which are proportional to the distances of x,, x,, X; from their steady-
state values x,*, X,*x;* respectively [Beretta et al., Math. Comp.
Simul.]. Gaussian white noise is extremely useful to model rapidly
fluctuating phenomena. So the deterministic model system (2.2)
results in the following stochastic model system




Stochastic Model contd.

dry = Fylr, ra, mq)di + oy 1y .I';]n'u"q';'l.l
dxa = Folxy, 2o, 2 )di + malxa — 750 Ef (3.1]
drq = Fylry, ra, Ta)dl + (x4 I:,In'u"ﬁ';l.ﬁ

where oy, e and aq are real constants and known as mtensity of environmental
Huetnation, & = &(f), i = 1,2, 3 are standard Wiener processes independent from
each other [see, Gikhman and Skorokhod, {1979)].
In rest of the work we consider (3.1) as an Ito stochastic differential svstem of
the type
dX, = JUL X Jdi + gli, X de, XN = Xo (3.2)

where the solution (X7 = 0) 8 a Ito proeess. “f" 18 slowly varving continuous
component or drift eocfficient and ‘g 18 the rapidly varving continuous random
component or diffusion coeflicient and & 8 a three-dimensional stochastic process
having scalar Wiener process components with inerements ﬁ;E'," = £\t + Af
are Independent Gaussian random variables N{0, Afj.

£,(1)




Stochastic Stability

»Conditions for the deterministic stability of the interior equilibrium
point E* along with some other conditions are the necessary
conditions for stochastic stability of the interior equilibrium point E*
under environmental fluctuation (see Bandyopadhyay and
Chattopadhyay ( Nonlinearity)).

»Thus the internal parameters of the model system and the
intensities of environmental fluctuation have the ability to maintain
the stability of the stochastic model system and exhibit a balanced
dynamics at any future time within a bounded domain of the
parametric space.




Table 1- The estimated Parameter values for our numerical calculation
(best fit estimation of the parameters consistence with the behavior of

ODE developed by SAS Institute)

Parameters/ Variable Defanlt values

- 9
- P!
g 1.5
4 (.4
o0 0.102
k] L)
(¥ (.2
1iq 0.3

{19 1.16




Fig. 8. Figure depicting coexistence of all the population
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Fig.9-Figure depicting the phase portrait correspondiing to Fig.8 and
showing that E"is stable while E,, E, E, E, are saddle points and E, does

not exist
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Fig. 10- Figure depicting extinction of the zooplankton population when
the competition between NTP and TPP is very low. (We have used

different time scale to show the clear dynamics)
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Fig.11-Figure depicting the phase portrait corresponding to Fig.10 and
showiing that E, is stable while E,, E, E, are saddle points, E, is a spiral
source and E does not exist




Fig. 12- Figure depicting coexistence of all population through oscillation
when we increase tihe competition coefficient p, from 1.18 to 1.38

(remaining parameter values same as in figure 10)
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Fig.13-Figure depicting the phase portrait correspondiing to Fig.12 and
showing that E is stable limit cycle while E,, E, E, E, are saddle points
and E, does not exist




Fig.14. Coexistence of all population in the presence of environmental fluctuation

(0i=0.05, i=1,2,3), (here we have used the scheme given by Carletti, Math. Biosc.)
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Fig.15: Figure depicting aperiodic oscillation of all population in the presence of
environmental fluctuation for p,=0.1, p,=1.5 (when we increase tihe competition coefficient).
(In absence of environmental fluctuation for the same parametric values the system shows

regular oscillation).
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Fig.16: Figure depicting stable population distribution in the presence of
environmental fluctuation for p,=1, p,=1.56. (n absence of environmental

fluctuation for the same parametric values the system shows chaotic bloom).
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Observations

> We observe that in the absence of the environmental disturbances,
high competition may take the system to chaos.

> More the effect of competition on the TPP population more there is a
chance of occurrence of planktonic bloom. This may be because of
the TPP population as already identified as a controlling agent for the
termination of planktonic blooms and increase in the competition
between NTP and TPP decreases the growth rate of TPP population.

» But under environmental disturbances, which is common in marine
system, high competition helps the system to remain stable around
coexistence equilibrium point.




Algal blooms in the presence nutrient and toxic

substances

From our field study we observe the following two situations:

1 Phytoplankton population fluctuates irregularly in the
collection zone 1, to the river due to the input of high
nutrient concentration and the presence of zooplankton in
this region is very low due to high abundance of
phytoplankton population. This phenomenon is also
comparable to the fact that high concentration of
phytoplankton population suppress the abundance of
zooplankton population and thus triggers algae bloom.

1 Further in the collection zone 2, which is far from the
riverside, the irregular fluctuations are less likely occur due
to low concentration of nutrient and a sustained existence of
the zooplankton population has been observed. This
establishes the fact input of nutrient concentration play an
}[nporta)nt role in the occurrence of planktonic blooms (see
igures).

—

7




Different Grazing functions

- We know that phytoplankton population competes for the
same limiting resources, including nutrient and light. For the
exploitation of the same limiting resources, various species
have indirect or direct competition through the release of
chemicals, known as allelopathy.

= Fristol et al. (Environ. Microbiol.2004) showed that stronger
allelopathic effects would cause a higher mortality, while mild
allelopathic effects could cause non-lethal effects. Thus we
have considered two types of grazing functions to represent the
grazing dynamics.




Dilution Rate

* Dilution rate is referred to as the water exchange rate or flushing
rate when referring to open marine system (Ecological effects of
wastewater: applied limnology and pollution effects By Eugene
B. Welch, T. Lindell).

® The rate of nutrient exchange rate is referred to as Dilution rate.
When the dilution rate is very low, the cells reach a high density
as the nutrients are leaving the system at a very slow rate and
the cells get ample timed to use the substrate. Thus the nutrient
concentration is maintained at a low level in the system. On the
other hand, if the dilution rate of nutrient is high, the cell density
is low as they have a little time to use the substrate.




The mathematical model for Nutrient -

Phytoplankton - Zooplankton

Z—T: D(NO —N)—a,PN + 1,P+u,7
dP

EZO{ZPN —7PZ — (1, + D,)P

dZ PL

—=v. P/ — +D.,)Z —
dt I, (,Uz 2) Y+ P




The behavior of phytoplankton and zooplankton for different values of D :
(a) D=0.02, (b) D=0.08, (c) D=0.1, (d) D=0.65 (other parameter values are

kept fixed)
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Effect of Dilution rate

From this figure we observe that as D increases, the system
bifurcates from a stable focus to limit cycle periodic solution.
This observation indicates that there is a level of D, below which
the system shows no excitability and above which the system

enters into excitable state.




Behavior of Phytoplankton population: For different

values of @ (a) =0, (b) #=0.01, (c) =0.03, (d) 6=0.07
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Behavior of Zooplankton population: For different

values of @ (a) =0, (b) #=0.01, (c) =0.03, (d) 6=0.07
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Effect of Nutrient and toxin

» Thus we observe that increasing the value of 6 gradually from 0
to 0.07, the system comes back to a stable focus solution (with
decaying oscillations) from a stable limit cycle periodic solution.

> It was observed that chance of planktonic bloom is high, when
the nutrient concentration is high and in that case the toxin
produced by phytoplankton species plays an important role in
the termination of bloom.




Nutrient — Non-toxic Phytoplankton —Toxic

Phytoplankton — Zooplankton

dN
* a D(N0 ~ N)— o1 PLN — g PoN +m Py +no P + 137

= FI(N; P1> PZ) Z))
dpl '
—d—t- = lelN——ﬁlPlZ*E;[Ple—/«ﬂlPl —D]_Pl EF?(N) P1> P2> Z))
aPs
—;i_t_ = 92P2N—)82P2Z—62P1P2‘“/~52P2 _D2P2 E}7‘3(1\[) Pl) P2> Z)?
dz
— = NPZ-1PZ~pz-DiZ=Fy(N, P, B, 2).

This system of ordinary differential equations is subject to the initial conditions

N(0) >0, P(0) >0, P,(0) >0 Z(0) > 0.




Set of Parameter Values

Parameter Definition Default value  Unit
NO Constant input of nutrient 1.58 A
D Dilution rate of nutrient 0.3 ol
oy Nutrient uptake rate of NTP 0.03 ml. h~1
o Nutrient uptake rate of TPP 0.022 mil. b1
01 Conversion rate of NTP 0.02 gl Bt
0 Conversion rate of TPP 0.02 ml. h~1
1 Death rate of NTP 0.006 !
Lo Death rate of TPP 0.006 R
3 Death rate of zooplankton 0.005 A1
m Nutrient recycling rate of NTP 0.004 mg. h=t
M2 Nutrient recycling rate of TPP 0.004 mg. h~1
73 Nutrient recycling rate of zoopl. 0.0035 mg. h~!
el Competition coefficient 0.02 ml. h~1
e Competition coefficient 0.02 ml. h~1
B1 Predation rate of NTP 0.02 ml. b1
B2 Predation rate of TPP 0.01 ml. h~1
o Conversion rate for NTP 0.01 ml. b1
Y2 Death rate due to consumption of TPP 0.008 ml. b1
D, Dilution rate of NTP 0.0004 bt
Dy Dilution rate of TPP 0.0004 5t
Ds Dilution rate of zooplankton 0.0003 Bre




Effect of Nutrient: Periodic solution of the system for the parameters as given in Table-ll
N%=1.58 (Fig 1)
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(a) For N°=1.5 the system is stable at E”

(b) For N°=1.4 the system is stable at E, (N,P
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(a) For N°=0.321 the system is stable at E, (N,P, 0, 0)
(b) For W’-O 3 the system is stablle at E, (N 00,0 (Fig 3)
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(a) E" is stable when yu, = 0.007 and N°=1.6 (Increase the death rate of TPP)
(b) E, is stable when u, = 0.008 and N°=1.6 (Fig 5)
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For high biomass of TPP with u#,= 0.008 (the death rate of NTP)& N°=1.6 the
system is asymptotically stable at E, (Fig 6)
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Effect of Competition: If NTP is a stronger competitor than TPP

(a) System is stable e,=0.0215 (b) Increase e,=0.025 (stable around E,) (Fig 7)
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Effect of Competition: If TPP is a stronger competitor than NTP i.e. e, >e, then the

system is stable around E, with a high TPP biomass (Fig 8)

Concentration

0 1 L E L ' A b3 ' 1
o 1000 2000 3000 4000 S000 S0O00 7000 8000 2000 10000
Time (hrs) {a)

Concentration

| O |

A A 3 1 1}
5000 [ ele o] 7000 8000 Q000 10000

. . ) :
—— o 1000 2000 3000 4000 ——

Time (hrs) (=)



Combined effects of nutrient and competition (a) E" is stable when e,
= 0.0215 and W’-Jl 6 (b) E, is stable when e,= 0.025 and N°=1.6 (Fig9)
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Effects of Zooplankton death rate (a) E” is stable when u, = 0.0053
(b)Further increase in zooplankton death rate the system stabilizesto E, (u;=
0.006) (Fig 10) [However if we further increase u, then the system is stable at E,
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dN a PN

= = DIN'-N)- P+uZ=F(NP7
i ( ) KﬁNﬂL?’ T (NP Z)
dr wPN B P hiP

= = _ P - —F(N.P.7
& K+N K12 "W TE+p AN, 1, 2)
iz (- 0)P*Z o

= — Y — = E(N.P.7).

The system (1) has to be analyzed with the following initial conditions,

N{0) >0, P(0) >0, Z{0) > 0.

7




The Mathematical Model contd.

Let N(t) be the concentration of the nutrient at time £. Let P(t) and Z(t) be the

concentration of phytoplankton and zooplankton population respectively at time 1.

Let NV be the constant input of nutrient concentration, D is the dilution rate of
nutrient [18] . The constant % has the physical dimension of a time and represents
the average time that nutrient and waste products spend in the system [19]. Let ay
and a3 be the nutrient uptake rate for the phytoplankton population and conversion
rate of nutrient for the growth of phytoplankton population respectively (as < ay).
Let p1 be the mortality rate of the phytoplankton population and s be the mortality

rate of the zooplankton population.



The Mathematical Model contd.

Let ps (pa < py1) be the nutrient recycle rate after the death of phytoplank-

ton population and ps (s < w2) be the nutrient recycle rate after the death of
zooplankton population. Let 8; be the maximal zooplankton ingestion rate and B
(B2 < 1) be the maximal zooplankton conversion rate. A more common choice is of
the Holling type II and type III functional form to describe the grazing phenomena
with Ky and Ks as half saturation constant. Here harvesting are represented by a
Holling type-1I function with Ay and hs as the harvest rate ( also known as catch-
ability constant) of phytoplankton and zooplankton respectively. Here E; and Fs
are the measure of the effort required to harvest the phytoplankton and zooplank-

ton population respectively. This type of harvest function implies that when fewer



The Mathematical Model contd.

planktons are available, it is harder to find them and so the daily catch drops. On the

other hand when there are sufficiently many planktons, then limpg, o Eﬁfi =N

holly
Eyv - Hy

and limpg, = hy, 50 that the harvesting level is close to hy and hy respec-
tively, the catchability constant. [t is assumed ¢ is the rate of zooplankton decay

due to toxin producing phytoplankton.




The table representing tihhresholds and

stability of steady states
‘Thresholds(Ry, Ry N’ 0,0) (N, P;, 0 (N* P* Z%)
<1 Asymptotically | Not feasible Not feasible
. stable
R>1, Ri<l Unstable Asymptotically | Not feasible
. stable
R Unstable Not feasible | Asymptotically
stable




Direction of Hopf-Bifurcation

Theorem: 4. Here oy determines the direction of the Hopf-bifurcation. If

poz > 0(< 0) then the Hopf-bifurcation is supercritical (subcritical) and the bifurcat-
ing periodic solutions exists for § > 6% ; (Gas determines the stability of the bifurcating
periodic solutions: the solutions are orbitally stable ( unstable ) if 8o < 0(> 0) ; and
75 determines the period of the bifurcating periodic solutions: the period increases

( decreasges ) if 75 > 0(< 0).




Mathematical Model In Presence of Time
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Table 2 ( Set of parameter values)
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The equilibrium point E" is stable for the parametric values as given in the Table 2 Fig-1

The figure depicts oscillatory behavior around the positive interior equilibrium E* for 6 = .3
(increased from @ =0) with other parametric values as given in tihe Table 2. Fig-2




The figure depicts stable behavior at E" of the system (1) for @ =.3 and 8, = 1.2 (from 8, = 1)
with same set of parametric values as given in the Table 2. (Fig-3)

The figure depicts stable behavior at E* of the system (1) for 8 =.3 and N° =1 (from N°=2)
with same set of parametric values as given in the Table 2. rc4)

Fig-3 Fig-4




The figure depicts stable belhavior at E” of the system (1) for @ = .3 and D = .5 (from D=1) with same set of
parametric values as given in the Table 2. Fig-5

The figures depicts oscillatory belhavior around the positive interior equilitriun E” of the system (1) for
increasing h, from .4 to 1.2 and otiher parametric values as given in the Table 2.
Fig-6




The figure depicts stable belhavior at E, of the system (1) for increasing iv, from .4 to 1.8 with same set of
parametric values as given in the Table 2. Fig 7

The figure depicts stable belhavior at E” of the system (1) for v, = 1.2 and N° = ¥ with same set of
parametric values as given in the Table 2.

Fig-8




The figure depicts stable belhavior at E™ of the system (1) for v, = 1.2 and 8, = 1.3 (from B, = ¥)with same
set of parametric values as given in the Table 2.
Fig-9

The figures depicts oscillatory behavior around the positive interior equilibbrium E * of the system (1) for
increasing h , from .4 to .6 and other parametric values as given in the Table 2.
Fig-10




The fiigure depiicts stable behavior at E” of the system (1) for v , = .6 and N° = ¥ (from N° = 2) with same set
of parametric values as given in the Table 2. Fig11

The bifurcation diagram for 6 with all parametric values as given in Table 2.
Fig12
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The bifurcation diagram for h, with all parametric values as given in Table 2.

The bifurcation diagram for v, with all parametric values as given in Table 2.
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Tihe two parameters bifurcation diagram for 0-h, with all parametric values as given iin Table 2. Fig-15

Tihe two parameters bifurcation diagram for 0-h, with all parametric values as given iin Table 2. Fig-16
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The figure depicts oscillatory belhavior around the positive interior equilibrium at E * of the system (2) for
=1.3 wilthh same set of parametric values as given in the Table 2. Fig-17

The figure depicts stable belhavior at E” of tihve system (2) for r=1.3 and 6 = .3 (from 6 =0) with same set of
parametric values as given iin the Table 2. Fig-18

Fig-17 Fig-18




The figure depicts stable behavior at E” of the system (2) for r=1.3 and N? = 1.6 (from N° =2) with same set
of parametric values as given in the Table 2. Fig-19

The figure depicts stable belhavior at E” of the system (2) for =1.3 and D = .5 (from D =¥) with same set of
parametric values as given in the Table 2. Fig-20

Fig-19 Fig-20




The figure depicts stable belhavior at E” of the system (2) for 7=1.3 and h, = .2 (from h, =.4) with same set of
parametric values as given in the Table 2. Fig-21

The figure depicts stable belhavior at E” of the system (2) for 7=1.3 and h, = .35 (from h, =.4) with same set
of parametric values as given in the Table 2. Fig-22




Discussion

O

»We observe that increase in toxic level and harvesting rate of both
plankton population may lead to instability of the system.

» It was observed that to maintain stability around the coexistence
equilibrium it is necessary to control the toxic chemicals release by
phytoplankton and harvest rate of both plankton population.

> It was observed that for the low value of constant nutrient input may lead
to stability of the system in presence of toxic chemicals released by the
phytoplankton and high harvesting rate of plankton population
simultaneously.




Discussion contd.

> Low value of dilution rate of nutrient may also prevents the fluctuating behavior

of the system in presence of toxic chemical release by the phytoplankton in the
system.

» Similar case arise for high value of maximal zooplankton conversion rate.
» The system exhibits dynamical instability due to higher gestation delay.

> It was observed that increase in toxic level (in presence of delay) induced stability
around the positive interior equilibrium.

» We observe that low value of harvesting rate of both plankton population may lead to
stability of the system in presence of delay.

> Similar case arise for low value of constant nutrient input and dilution rate of
nutrient .




Discussion contd.

<+ Additional complications may arise from effects of organisms at higher trophic levels,

e.gd. the zooplankton grazer. Grazers at higher trophic level may increase the death rate
of zooplankton and this type of grazing may affect the qualitative and quantitative
behavior of the planktonic ecosystem.

The interspecies competition between NTP and TPP may be an important factor in
plankton ecosystem dynamics. The dynamics become more complicated when the
effects of nutrient interact with the effects of interspecies competition.

Our overall analysis indicates that the nutrient-phytoplankton-zooplankton interactions
are very complex and situations-specific. The nutrient controlled bloom may occur in
some favourable conditions. Top-down effects such as predation by higher trophic
levels may trigger bloom in some other suitable conditions.

Other mechanisms considered in this model for greater biological realism, such as
dilution rate, interspecies competition etc., may also change planktonic dynamics
significantly.
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Mathematical Model

dN B 0 m PN _
dr awPN Pl
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The system (1) has to be analyzed with the following initial conditions,

N(0) >0, P(0)>0, Z(0) >0, F(0) > 0.
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The table representing thresholds and

stability of steady states
Thresholds(Rq, Ry, R5) | (N°, 0, 0,0) (N, P;,0,0) (N»P.,2,00 |(N,P,Z,F)
Ro<1 Asymptotically | Not feasible Not feasible Not feasible
stable
R>1,Ri<1 Unstable Asymptotically | Not feasible Not feasible
stable
R>1, Rx<1, Unstable Not feasible Asymptotically | Not feasible
stable
R>1 Unstable Not feasible Not feasible Asymptotically
stable




The bifurcation diagram for N° with all parametric values as
iin Table2.

Fig-11
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The bifurcation diagram for D with all parametric

values as in Table?2.

Fig-12
——
1.5 2 2.5
D
B =
1.5 2 2.5
D
———
] S ———
1.5 2 25
D
e r——— R —
15 2 25
D




The bifurcation diagram for p, with all parametric values as

in Table2.
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